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ABSTRACT
We discuss the four-dimensional N = 1 effective actions of single space-time filling Dp-branes
in general Type IIA and Type IIB Calabi-Yau orientifold compactifications. The effective actions
depend on an infinite number of normal deformations and gauge connection modes. For D6-branes
the N = 1 Ka¨hler potential, the gauge-coupling function, the superpotential and the D-terms
are determined as functions of these fields. They can be expressed as integrals over chains which
end on the D-brane cycle and a reference cycle. The infinite deformation space will reduce to a
finite-dimensional moduli space of special Lagrangian submanifolds upon imposing F- and D-term
supersymmetry conditions. We show that the Type IIA moduli space geometry is captured by three
real functionals encoding the deformations of special Lagrangian submanifolds, holomorphic three-
forms and Ka¨hler two-forms of Calabi-Yau manifolds. These elegantly combine in the N = 1 Ka¨hler
potential, which reduces after applying mirror symmetry to the results previously determined for
space-time filling D3-, D5- and D7-branes. We also propose general chain integral expressions for
the Ka¨hler potentials of Type IIB D-branes.
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1 Introduction
In recent years there has been vast progress in understanding the effective supergravity theories
arising in Type II string compactifications. From a phenomenological perspective four-dimensional
effective theories which are N = 1 supersymmetric and admit non-trivial gauge groups are of
particular interest. A prominent set-up admitting these features are Calabi-Yau orientifold com-
pactifications with space-time filling D-branes [1, 2, 3, 4, 5]. Such compactifications admit in
addition to the bulk moduli also a universal class of deformation and Wilson line moduli associated
to the D-branes. It will be the task of this work to study the four-dimensional N = 1 characteristic
data encoding the dynamics of the combined open and closed sector moduli. We will first concen-
trate on Type IIA compactifications with space-time filling D6-branes and later turn to Type IIB
compactifications with D3-, D5-, or D7-branes in the discussion of mirror symmetry.
Concentrating on Type IIA Calabi-Yau orientifolds the supersymmetric space-time filling ob-
jects are O6-planes and D6-branes wrapped on a supersymmetric three-cycle in the internal Calabi-
Yau space. The orientifold planes are supersymmetric since they wrap special Lagrangian cycles
which arise as the fix-point locus of an anti-holomorphic and isometric involution of the Calabi-Yau
space. On such cycles the Ka¨hler form and the imaginary part of the holomorphic three-form of
the Calabi-Yau manifold vanish. Similarly, in a supersymmetric background the D6-branes also
have to wrap special Lagrangian cycles which preserve the same supersymmetry as the O6-planes
[6, 7, 2]. We will mainly focus on a simple set-up and consider the dynamics of one space-time filling
D6-brane and its non-intersecting orientifold image. Global tadpole cancellation conditions impose
topological constraints on this configuration and generically imply that there will be additional
D6-branes. Their dynamics can be included in the analysis, but will be neglected for simplicity.3
In order to determine the N = 1 effective theory one needs to include the fluctuations of the
fields around a given background. Therefore, the scalar fields in the effective theory will include
the deformations both of the internal Calabi-Yau geometry as well as the deformations of the
D6-branes. As a first step the effective action including only the closed string zero modes in a
Calabi-Yau orientifold background can be derived [11, 12]. The reduction considers a finite set of
complex and Ka¨hler structure deformations which are compatible with the orientifold involution.
This set of real deformations is complexified by the axion-like scalars arising as zero modes of the
R-R and NS-NS form fields of Type IIA string theory. It was argued in refs. [11, 13] that the
Ka¨hler metric on the N = 1 field space is captured by two real functionals that have been studied
intensively by Hitchin in [14, 15]. Using mirror symmetry at large volume and large complex
structure, the Type IIA Ka¨hler potential can be exactly matched with its Type IIB counterparts
[11]. This reproduces the expressions found for Type IIB orientifolds with O3/O7 planes and O5
planes [16, 17]. In this work we extend the computation of the N = 1 characteristic data to the
3For state of the art model building in Type IIA see, for examples, refs. [8, 9, 10], and references therein. Reviews
can be found in [1, 2, 5].
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open string sector and complete the leading-order mirror identification including space-time filling
D-branes.
In the first part of the present paper we will focus on the contribution from a D6-brane and its
orientifold image. The degrees of freedom associated to a D6-brane wrapped on a supersymmetric
three-cycle L0 are easiest summarized when considering a fixed background Calabi-Yau geometry.
In addition to the U(1) gauge field the D6-brane can admit brane deformations and non-trivial
Wilson lines. A massless deformation preserving the N = 1 supersymmetry along a normal vector
field is associated to a harmonic one-form on the special Lagrangian cycle L0 [18]. For a fixed
background Calabi-Yau geometry there are b1(L0) = dimH
1(L0,R) real massless deformations,
which combine with the Wilson line scalars into complex fields. We will derive the effective action
for these massless modes which keep L0 special Lagrangian. However, more interestingly, one can
also include massive deformations around L0 by extending the analysis to include non-harmonic
one-forms on L0. These deformations either violate the Lagrangian condition or the condition that
the three-cycle is ‘special’, as we discuss in more detail in the main text. We will show that these
deformations induce a scalar potential consisting of an F-term part, rendering non-Lagrangian
deformations massive, and a D-term part, rendering non-special deformations massive. Performing
a Kaluza-Klein reduction of the D6-brane action we derive the N = 1 open string Ka¨hler metric
and gauge coupling function, and explicitly extract the D6-brane superpotential and D-terms. We
argue that these functions take an elegant form when using chain integrals over a four-chain ending
on the internal D6-brane three-cycle and a reference cycle L0.
In order to determine the Ka¨hler potential it is crucial to include also Calabi-Yau deformations
parameterizing the bulk degrees of freedom. In fact, we show that at the classical level the open
string scalars only enter in the N = 1 Ka¨hler potential through a redefinition of the complex
coordinates for the Calabi-Yau deformations. This is a generic feature which is already known from
Type IIB Calabi-Yau orientifold compactifications with single D3-, D7- or D5-branes [19, 20, 21, 22],
as well as Type II orientifolded orbifolds [23, 2]. In the type IIA compactifications we find that the
full N = 1 Ka¨hler potential has an elegant form in terms of the functionals for real two- and three-
forms studied by Hitchin [14, 15], and the Ka¨hler potential arising in the study of the deformation
space of special Lagrangian submanifolds [24, 25]. We also comment on a generalization of the
N = 1 data to an infinite set of D-brane deformations. As in a fixed background, this generalization
will be crucial in the evaluation of the superpotential and D-terms. As in [22] it will be crucial
to keep the non-dynamical four-dimensional three-forms in the Kaluza-Klein Ansatz to derive the
scalar potential. In addition, we will also be able to extract the kinetic mixing terms of the bulk and
brane U(1) vector fields in the effective action. Such mixing can have profound phenomenological
applications [26].
In the last part of this paper we turn to the discussion of mirror symmetry at large volume and
large complex structure. We match the known N = 1 data for single D3-, D5- or D7-branes with
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the data found in the D6-brane reduction. This allows us to give chain integral expressions also
for the Type IIB reductions which complete the results of [19, 20, 21, 22]. Our strategy to gain
a better understanding of the structure of the brane couplings is to use the formulation of mirror
symmetry proposed by Strominger, Yau and Zaslow (SYZ) [27]. Neglecting singular fibers it allows
to view the compactification Calabi-Yau space as a three-torus fibration over a three-sphere. This
allows us to identify different brane wrappings in the Type IIA and Type IIB picture, and yields a
matching of the leading order N = 1 data.
The present work is organized as follows. In section 2 we calculate the IIA orientifold effec-
tive action with a space-time filling D6-brane. We first recall the results for the bulk orientifold
reduction, and summarize the conditions to include supersymmetric D6-branes in the orientifold
background. We then derive the kinetic terms and the scalar potential for an infinite set of normal
deformations, Wilson line modes, and U(1) vector modes on the D6-brane. These computations
are performed using a Kaluza-Klein reduction of the Dirac-Born-Infeld and Chern-Simons actions
around a supersymmetric configuration. In section 3 we analyze the moduli space of our config-
uration. We focus on the finite set of massless bulk and brane modes. As first steps we consider
the moduli spaces for the bulk sector and the brane sector separately. We introduce the neces-
sary mathematical tools to describe these spaces as Lagrangian embeddings into vector space. In
general, the geometry of the open-closed moduli space is more complicated. However, we show
that it is possible to encode the complete moduli space in a single elegant Ka¨hler potential as a
function of non-trivial local complex coordinates. In section 3 also the kinetic terms for the mass-
less U(1) gauge field on the D6-brane are discussed, and a kinetic mixing with the massless bulk
U(1)’s is found. In section 4 we discuss the infinite deformation space around a supersymmetric
configuration. We give an explicit form of the Ka¨hler potential using chain integrals. We also de-
rive the non-vanishing D-terms and the superpotential for open deformations violating the special
Lagrangian condition for supersymmetric D6-branes. Our results should be mirror symmetric to
Type IIB orientifold configurations. In section 5 we argue that it is possible to relate the moduli
fields obtained in section 3 with the moduli space for IIB orientifold configurations with D3-, D5-
and D7-branes. Relations between the homology of the cycles for the mirror configurations can be
inferred using the SYZ construction of mirror symmetry. We find elegant expressions for the Type
IIB Ka¨hler potentials and N = 1 complex coordinates.
2 The dimensional reduction of the D6-brane action
We start our discussion by fixing the background geometry of our set-up. In the following, we
consider the direct product of a compact Calabi-Yau orientifold Y/O and flat Minkowski space
R
1,3. We are interested in compactifications with space-time filling D6-branes and O6-planes which
preserve N = 1 supersymmetry in four space-time dimensions. This fixes the orientifold projection
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to be of the form [28, 11]
O = (−1)FLΩpσ∗ , σ∗J = −J , σ∗Ω = e2iθΩ¯ , (2.1)
where θ is some real phase. Here Ωp is the world-sheet parity reversal, FL is the space-time fermion
number in the left-moving sector, and σ is an anti-holomorphic and isometric involution of the
compact Calabi-Yau manifold Y . The four-dimensional spectrum consists of fields arising as in the
zero mode expansion of the ten-dimensional closed string fields into harmonics of the internal space
as well as zero modes arising from massless open strings ending on the D6-branes. In the following
we will focus on the chiral multiplets in both sectors.
2.1 On the four-dimensional Kaluza-Klein spectrum
Closed string sector
Let us start with a brief discussion of the closed string sector following ref. [11]. The four-
dimensional scalars, vectors, two- and three-forms will arise in the expansions of the ten-dimensional
fields into harmonic forms of Y which have to transform in a specified way under the orientifold
parity to yield modes which remain in the orientifolded N = 1 spectrum. More specifically, the
ten-dimensional metric and the dilaton are invariant under the action of σ while the NS-NS B-field
transforms as σ∗B2 = −B2. The R-R fields C1, C3, C5, C7 remain in the orientifold spectrum if
they obey σ∗Cp = (−1)(p+1)/2Cp. Clearly, in type IIA string theory not all the odd-dimensional
R-R forms Cp are independent. Denoting by Gp+1 the R-R field strengths are
G2 = dC1 , Gp+1 = dCp −H3 ∧ Cp−2 , H3 = dB2 . (2.2)
When considering all Gp+1, p = 1...9 a the duality constraint
Gp+1 = (−1)(p+1)/2 ∗10 G9−p , (2.3)
has to be imposed to relate the lower and higher-dimensional forms. This can be extended to
include Romans mass G0 which appears in the massive extension of Type IIA supergravity [29].
Using all forms Gp+1 one can use a democratic formulation of Type II supergravity [30]. The
bosonic kinetic terms of the ten-dimensional action are then given by
S
(10)
dem = −
∫
1
2R ∗10 1 + 14H3 ∧ ∗10H3 +
9∑
p=1
1
8Gp+1 ∧ ∗10Gp+1 . (2.4)
This is only an auxiliary action since the duality condition (2.3) has to be imposed by hand in
addition to the equations of motion. When coupling the bulk supergravity to a D-brane it turns
out to be useful to also introduce another basis Aq of q-forms with a redefined duality relation
A =
∑
q
Aq = e−B2 ∧
∑
p
Cp , dAq = (−1)(q+1)/2(∗B dA)q , (2.5)
4
where the ‘B-twisted’ Hodge star is given by ∗B = e−B2 ∗10 eB2 . Clearly, the supergravity action
(2.4) can be easily rewritten in terms of the Aq.
To perform the Kaluza-Klein expansion of the closed string fields one notes that the anti-
holomorphic involution does not preserve the (p, q) split of the Dolbeault cohomology groups, but
rather maps a (p, q)- to a (q, p)-form. One thus splits the real de Rham cohomologies into σ∗-
eigenspaces Hn±(Y ). It was shown in ref. [11] that the N = 1 coordinates on the closed string
field-space arise by expanding a complex two-form Jc and three-form Ωc into a basis of H
2
−(Y,R)
and H3+(Y,R), respectively. More precisely, in accord with (2.1) we expand
Jc = B2 + iJ = (b
a + iva)ωa = t
aωa , (2.6)
where a = 1, . . . , h
(1,1)
− labels a basis ωa of H
2
−(Y,R). We thus find the same complex structure
as in the underlying N = 2 theory with the dimension of the Ka¨hler moduli space truncated from
h(1,1) to h
(1,1)
− .
The complex three-form Ωc contains the degrees of freedom arising from the complex structure
moduli, the dilaton as well as the scalars from the R-R forms. We combine these as
Ωc = 2Re(CΩ) + iC
sc
3 = N
′k αk − T ′λ βλ , (2.7)
where C ∝ e−φ+iθ, as given in (2.10), contains the dilaton, and k = 1, . . . , n−, λ = 1, . . . , n+ label a
basis (αk, β
λ) of H3+(Y,R). Here C
sc
3 is the part R-R three-form which is also a three-form on the
Calabi-Yau manifold Y and hence descents to scalars in four dimensions. We can use the expansion
of Ω into the full symplectic basis (αK , β
K) of H3(Y,R) as Ω = XKαK − FKβK . Under σ∗ this
basis splits into a basis (αk, β
λ) of H3+(Y,R) and a dual basis (αλ, β
k) of H3−(Y,R). We thus find
the explicit expressions
N ′k = 2Re(CXk) + i ξk , T ′λ = 2Re(CFλ) + i ξ˜λ . (2.8)
Note that the split of the h(2,1)+1 basis elements of H3+(Y,R) into n− elements αk and n+ elements
βλ does depend on the point in the complex structure moduli space on which one evaluates CΩ.
In fact, at the large complex structure point the precise split will determine whether this type
IIA set-up is dual to an orientifold with O3/O7 planes or O5/O9 planes as we will discuss in
detail in section 5. It is important to point out, that the complex coordinates (N ′k, T ′λ) are the
correct complex scalars in the N = 1 chiral multiplets in the absence of D6-branes, but will receive
corrections upon introducing dynamical D6-branes.
Before discussing the open string spectrum let us comment further on the complex function C
appearing in (2.7). Since the orientifold projection is an anti-holomorphic involution the complex
structure deformations will be real. In fact, C has a phase factor e−iθ and is defined to compensate
rescalings of Ω such that CΩ has a fixed normalization
e2φCΩ ∧ CΩ = 16J ∧ J ∧ J . (2.9)
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It turns out to be convenient to introduce the four-dimensional dilaton D by setting e−2D = e−2φV,
where V = 16
∫
Y J ∧ J ∧ J is the string-frame volume of the Calabi-Yau space. The compensator
field is then given by
C = e−D−iθeK
cs/2 = e−φ−iθV1/2eKcs/2, (2.10)
where Kcs = − ln [− i ∫ Ω ∧ Ω¯].
Let us note that the R-R three-form in general also leads to U(1) vectors in four space-time
dimensions via the expansion
Cvec3 = A
α ∧ ωα (2.11)
where ωα is a basis of H
2
+(Y,R). Their holomorphic gauge coupling function fαβ has also been
determined in ref. [11]. Denoting by Kαβa =
∫
Y ωα ∧ωβ ∧ωa, the intersection form of two elements
of H2−(Y,R) with one element of H
2
+(Y,R) one finds that fαβ = iKαβata.
Open string sector: supersymmetric D6-branes
Let us next discuss the inclusion of space-time filling D6-branes into our set-up. In the background
configuration these have to be chosen such that they preserve the same supersymmetry as the O6-
planes which arise as the fix-point set of σ. In fact, since σ is an anti-holomorphic involution the
O6-planes wrap special Lagrangian cycles satisfying
J |O6-plane = 0 , Im(CΩ)|O6-plane = 0 . (2.12)
Let us consider a single D6-brane wrapped on a three-cycle L in Y . We will consider the case
where L is mapped to a three-cycle L′ = σ(L) which is in a different cohomology class and does
not intersect L.4 For this situation the pair of the D6-brane and its image D6-brane is merely an
auxiliary description of a single smooth D6-brane wrapping a cycle in the orientifold Y/O. Note
that the number of D6-branes is restricted by tadpole cancellation. In cohomology one has to
satisfy5 ∑
D6
[L+ L′] = 4[LO6] , (2.13)
where the sum is over all D6-branes present in the compactification and LO6 is the fix-point set of
the involution indicating the location of the O6-plane.
In a supersymmetric orientifold background the D6-brane also has to wrap a calibrated and
hence supersymmetric cycle. These calibration conditions have been determined in [6]. They imply
that the D6-brane wraps a special Lagrangian submanifold L0 ⊂ Y such that
J |L0 = 0 , Im(CΩ)|L0 = 0 , 2Re(CΩ)|L0 = e−φvolL0 (2.14)
4Note that this is a non-generic situation for a three-cycle in a six-dimensional manifold. Generically D6-branes
on three-cycles will intersect in points. At these intersections matter fields can be localized and have to be included
in the reduction.
5Note that this condition will be modified in the presence of NS-NS background flux H3 and the Romans mass
parameter m0 with an additional term proportional to m0H3 (see, e.g. , ref. [12]).
6
where volL0 =
√
ι∗g6d
3ξ is the induced volume form on L. Note that the first condition in (2.14)
implies that L0 is Lagrangian, while the second condition makes it special Lagrangian. We fixed
the coefficient, in particular the phase of CΩ, such that the same supersymmetry is preserved as for
the orientifold planes (2.12). Finally, we note that it was also shown in [7] that in a supersymmetric
background one has
FD6 −B2|L0 = 0 , (2.15)
where FD6 is the field strength of the U(1) gauge field A living on the D6-brane. In the following we
will always denote the background special Lagrangian cycle wrapped by a supersymmetric D6-brane
by L0.
For a fixed background complex and Ka¨hler structure we can discuss supersymmetric deforma-
tions of the D6-branes. In fact, the deformations of L0 preserving the special Lagrangian conditions
(2.14) were studied by McLean [18]. It was shown that a normal vector field η to a compact special
Lagrangian cycle is the deformation vector field to a normal deformation through special Lagrangian
submanifolds if and only if the corresponding 1-form θη = ηyJ on L0 is harmonic. This reduces the
infinite dimensional space of maps ι to a deformation space of dimension b1(L0) = dimH
1(L0,R).
Furthermore, there are no obstructions to extending a first order deformation to a finite deforma-
tion. The tangent space to such deformations can be identified through the cohomology class of
the harmonic form with H1(L0,R). We can thus write a basis of harmonic one-forms θi on L0 as
θi = siyJ |L0 , ∗θi = −2eφsiyIm(CΩ)|L0 , i = 1, . . . , b1(L0) , (2.16)
where si is a basis of the real special Lagrangian normal deformations. Let us recall the derivation
of the expression for ∗θi [25]. We do this more generally, by determining the Hodge-dual of a one
form α = (XyJ)|L0 for some X ∈ TY |L0 . Note that the vector dual to α by raising the index with
the induced metric is IX where I is the complex structure on Y . Hence one checks
∗ (XyJ)|L0 = (IX)y volL0 . (2.17)
However, on L0 the volume form is identical to 2e
φRe(CΩ) by (2.14). This implies
∗ (XyJ)|L0 = 2eφ(IXyRe(CΩ))|L0 = −2eφ(XyIm(CΩ))|L0 (2.18)
where the minus sign arises from evaluating I on the (3, 0)-form Ω, (IX)yΩ = iXyΩ.
We have just introduced the general supersymmetric deformation encoded by b1(L0) scalars η
i
arising in the expansion θη = η
iθi of the harmonic form θη. The η
i(x) will be real scalar fields in
the four-dimensional effective theory depending on the four space-time coordinates x. Let us next
discuss the degrees of freedom due to U(1) Wilson lines arising from non-trivial one-cycles on the
D6-brane world-volume. Later on we will show that these real scalars will complexify the ηi. The
Wilson line scalars arise in the expansion of the U(1) gauge boson AD6 on the D6-brane as
AD6 = A+ a
i α˜i , (2.19)
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where A is a U(1) gauge field and the ai(x) are b1(L0) real scalars in four dimensions. The forms
α˜i provide a basis of H
1(L0,Z). Note that in general the U(1) field strength FD6 = dAD6 can
additionally admit a background flux 〈FD6〉 = fD6 in H2(L0,Z), which can be trivial or non-trivial
in H2(Y,R). Since we will focus on the kinetic terms in the following we will set fD6 = 0 for most
of the discussion. Note that FD6 naturally combines with the NS–NS B-field into the combination
FD6 − ι∗B2.
To summarize, one finds as massless variations around a supersymmetric vacuum h
(1,1)
− +h
(2,1)+1
chiral multiplets from the bulk and b1(L0) chiral multiplets (η
i, ai) from the D6-brane. The precise
organization of these fields into N = 1 complex coordinates is postponed to section 3.
2.2 General deformations of D6-branes
So far we have discussed the supersymmetric background D6-brane and its supersymmetric de-
formations. However, in general L0 admits an infinite set of deformations which will render the
D6-brane non-supersymmetric. These deformations will be included in the following and shown
to be obstructed by a scalar potential. In order to do that, one recalls that the string-frame
world-volume action for the D6-brane takes the form
SSFD6 = −
∫
W7
d7ξe−φ
√
−det (ι∗ (g10 +B2)− FD6) +
∫
W7
∑
q odd
ι∗(Cq) ∧ eFD6−ι∗(B2) . (2.20)
In this subsection we will derive the scalar potential arising from the first term in (2.20), the
Dirac-Born-Infeld action.
Exponential map and normal coordinate expansion
A general fluctuation of L0 to a nearby three-cycle Lη is described by real sections η of the normal
bundle NY L0. Clearly, the space of such sections is infinite dimensional as is the space of all Lη.
To make the identification between Lη and η more explicit, one recalls that in a sufficiently small
neighborhood of L0 the exponential map expη is a diffeomorphism of L0 onto Lη. Roughly speaking,
one has to consider geodesics through each point p on L0 with tangent η(p) and move this point
along the geodesic for a distance of ||η|| to obtain the nearby three-cycle Lη.
It is important to consider how the pull-backs of J, Im(CΩ) as well as other two and three-forms
of Y behave when moving from L0 to Lη. To examine this change one introduces the pull-back of
the exponential map
Eη(γ) = exp
∗
η(γ|Lη ) , (2.21)
where η ∈ NL0, and γ ∈ Ωp(Y ) are p-forms on Y . Hence, Eη pulls back γ from Lη to a p-form
Eη(γ) ∈ Ωp(L0) on L0. Of particular interest are the evaluation of Eη on J and Im(CΩ). In fact,
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one shows that [18]6
Eη(J) = dµˆ1 , Eη
(
Im(CΩ)
)
= dµˆ2 , (2.22)
which means that Eη(J) and Eη
(
CΩ
)
are exact forms on L0. In order to study special Lagrangian
deformations as in section 2.1 one thus has to consider the space of deformations ηsp such that
Eηsp(J) = 0 and Eηsp(Im(CΩ)) = 0 [18].
In the leading order effective action we will often be interested in first order deformation and the
linearizations E′η(γ) := ∂tEtη(γ)|t=0 of Eη will be of importance. A straightforward computation
shows that for γ being a closed form on Y one has
dγ = 0 : E′η(γ) = Lη(γ)|L0 = d(ηyγ)|L0 . (2.23)
Here we have used the standard formula for the Lie derivative on a form Lηγ = d(ηyγ) + ηydγ.
Note that (2.23) immediately implies that
E′η(J) = dθη , E
′
η(Im(CΩ)) = −2eφd ∗ θη . (2.24)
where θη = ηyJ |L0 and we have again used the fact that ∗θη = 2eφηyImCΩ|L0 as in (2.16). One
can proceed with the expansion of the exponential map and determine the full normal coordinate
expansion. In particular, for a p-form one finds the small t expansion
Etη(Cp) =
1
p!
[
Ci1...ip + t ·
(
ηn∂nCi1...ip − p∇i1ηnCni2...ip
)
(2.25)
+ 12 t
2 ·
(
ηn∂n(η
m∂mCi1...ip)p∇i1ηnηm∂mCni2...ip − p(p−1)2 ∇i1ηn∇i2ηmCnmi3...ip
+ p−22 R
j
ni1m
ηnηmCji2...ip
)
+ O(t3) ] dξi1 ∧ . . . ∧ dξip .
Such normal coordinate expansions have been used for D-branes of different dimensions, for exam-
ple, in refs. [19, 21, 22].
The scalar potential for Lagrangian deformations
Using the exponential map and the corresponding normal coordinate expansion one can study the
geometric properties of Lη when examined on L0. This in particular includes the variations of the
volume functional
V (Lη) =
∫
Lη
d3ξ e−φ
√
det(ι∗g) =
∫
Lη
e−φ volLη , (2.26)
where ι is the pull-back of the Calabi-Yau metric to Lη. Despite the fact that the reference cycle L0
is special Lagrangian the analysis of V (Lη) is still rather involved for a general deformation vector
field η [18]. Note that the volume functional (2.26) is obtained from the Dirac-Born-Infeld action
in (2.20) by temporarily ignoring the brane field strength FD6 and the NS-NS B-field B2.
6This can be deduced from the fact that J and Im(CΩ) are closed and one has in cohomology that [Eη(γ)] = [γ|L0 ].
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We will first restrict to the case that Lη is Lagrangian. In this case one can study the deforma-
tions of the volume functional employing a rather elegant computation. Later on we include the
additional terms obtained in the general linearized analysis of [18]. Given a Lagrangian submanifold
L in Y one notes that its induced volume form is proportional to the pullback of the holomorphic
three-form Ω to L. The proportionality factor is in general a function depending on the coordinates
ξ of L. Thus, comparing Ω|L with the volume form on L one has
e−φvolL = 2CD6Ω|L , CD6(ξ) = |C|e−iθD6(ξ) , (2.27)
where |C| is introduced in (2.9). Recall that C is constant on Y since it only contains the constant
phase of the O6-planes, in accord with the fact that the O6-planes wrap special Lagrangian cycles
(2.12). In contrast, θD6(ξ) is a real map, generally depending on the coordinates ξ on L. As
θD6 appears in (2.27) with a 2π periodicity it is a map from L to the circle, and induces a map
θD6∗ : π(L)→ π(S1). However, in order to avoid anomalies, one demands that θD6 actually admits a
lift to a function with values on the full real axis. This implies that θD6∗(L) vanishes and translates
to the condition that the class [dθD6] vanishes. These Lagrangian submanifolds are known as graded
Lagrangians [31], and the lift of θD6 to a real valued function is the grading.
Let us next consider a family of Lagrangian submanifolds L(t) which are obtained by deforming
an initial Lagrangian L(0) for a distance t into the direction of the normal vector field η. For this
to be a Lagrangian deformation θη = ηyJ |L has to be closed. On each L(t) we can introduce a
coordinate dependent phase θD6(ξ, t). We consider the t-derivative of e
iθD6(t) volL(t) by evaluating
d
dt
(e−φ+iθD6 volL) = (Lη|C|Ω)|L = −e−φ+iθD6(dθD6 ∧ ηy volL+i(d∗θη) volL) , (2.28)
where d∗ = ∗d∗ with ∗ being the t-dependent Hodge-star on L(t). Comparing real and imaginary
parts one finds that
d
dt
θD6 = −d∗θη , d
dt
volL = −dθD6 ∧ ∗θη , (2.29)
Note that a particularly interesting case is when θη = dθD6, since in this case the second
equation ensures that the volume of L is decreasing along ηdθD6 . In fact, this normal vector precisely
parameterizes the directions to L in which its volume is most efficiently decreasing. This vector
is known as mean curvature vector. Such Lagrangian mean curvature flows have been discussed
intensively in the mathematical literature (see, e.g., refs. [32, 33], and references therein).
We are now in the position to evaluate the t-derivatives of volL at the point t = 0. We return
to the case that L(0) = L0 is the background special Lagrangian. One then shows that
d
dt
volL |t=0 = 0 , d
2
dt2
volL |t=0 = (dd∗θη) ∧ ∗θη . (2.30)
In this computation it is crucial to use the fact that at t = 0 one has θD6(0) = θO6 is constant on
L0. This immediately implies the vanishing of the first derivative of volL using (2.29). To evaluate
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the second derivative both equations (2.29) have to be applied successively. Finally, we can use
(2.30) to evaluate the lowest order scalar potential for a Lagrangian brane on L(t) as
d2
dt2
V (Ltη)|t=0 = e−φ
∫
L0
d ∗ θη ∧ ∗d ∗ θη = 4eφ
∫
L0
d(ηyImCΩ) ∧ ∗d(ηyImCΩ) , (2.31)
where V is the volume functional (2.26). As we will show later on, this term provides a scalar
potential which corresponds to a D-term in the four-dimensional N = 1 effective theory for the
D6-brane.
The scalar potential for general deformations
Before turning to the details of the Kaluza-Klein reduction let us recall that one can extend the
analysis to deformations η for which L(t) is no longer Lagrangian. In this case dηyJ does not
necessarily vanish and (2.27) is not generally possible. However, one can still evaluate the second
derivative of the volume of L(t) at the point t = 0 as [18]
d2
dt2
V (Ltη)|t=0 = e−φ
∫
L0
d(ηyJ) ∧ ∗d(ηyJ) + 4eφ
∫
L0
d(ηyImCΩ) ∧ ∗d(ηyImCΩ) . (2.32)
The new term depending on d(ηyJ) is the obstruction for L(t) to be Lagrangian. In the four-
dimensional N = 1 effective theory for the D6-brane this term can be obtained as one of the
F-term contributions from a superpotential which we determine in section 4.
The scalar potential including the B-field
So far we have discussed the scalar potential without the inclusion of the NS-NS B-field of Type IIA
string theory and the brane field strength FD6. To compute the leading order potential including
FD6 we note that only the part F˜ of FD6 contributes to the potential which has indices on the
internal three-cycle wrapped by the brane. We perform a Taylor expansion of the Dirac-Born-
Infeld action using√
det(A+B) =
√
det(A)
[
1+ 12Tr(A
−1B) + 18
([
Tr(A−1B)
]2 − 2Tr([A−1B]2))+ . . . ] (2.33)
for small fluctuations B and invertible A. The matrix B we want to identify with the normal
coordinate expansion of B2 − F˜ in (2.20), while A is the background metric of the Calabi-Yau
space restricted to L0. Recall that the normal coordinate expansion Etη(B2) was given in (2.25).
One notes that the first term in the expansion (2.33) is canceled by tadpole cancellation of the
D6-branes with the O6-planes in the background. Moreover, the second and third term in (2.33)
do not contribute to the potential since A is symmetric while B is anti-symmetric. Evaluating the
remaining term Tr
(
[A−1B]2
)
and adding the result (2.32) one finds
V SFDBI = e
−φ
∫
L0
[
d ∗ θη ∧ ∗d ∗ θη + dθη ∧ ∗dθη + (F˜ −B2 − dθBη ) ∧ ∗(F˜ −B2 − dθBη )
]
, (2.34)
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which is still expressed in the ten-dimensional string frame. Here we have introduced the abbrevi-
ation
θBη = ηyB2|L0 , (2.35)
which is the B-field analog of θη = ηyJ |L0 . This concludes the computation of the scalar potential
from the Dirac-Born-Infeld action. In a next step we want to introduce a Kaluza-Klein basis and
determine the complete leading order effective action including the kinetic terms.
2.3 A Kaluza-Klein basis
In performing a Kaluza-Klein reduction of the D6-brane action to four space-time dimensions we
like to include all massive modes corresponding to arbitrary deformations of L0 to Lη. This means
that we include sections sI of NL0 which yield one-forms in the contraction with J
θI = sIyJ |L0 ∈ Ω1(L0) . (2.36)
For a compact L0 it is possible to label these one-forms by indices I = 1, . . . ,∞ by considering the
Kaluza-Klein eigenmodes of the Laplacian ∆L0 . In this case the zero modes ∆L0θi = 0 are precisely
the harmonic forms θi introduced in (2.16). However, the basis adopted to ∆L0 is not always useful,
since it explicitly depends on the metric inherited form the ambient Calabi-Yau manifold. In the
following we will therefore work with a general countable basis of Ω1(L0), and later use the induced
metric to interpret the final expressions after performing the reduction. In general we will always
demand that the one-forms θI are finite in the L
2-metric
G(α˜, β˜) =
∫
L0
α˜ ∧ ∗β˜ , (2.37)
where α˜, β˜ ∈ Ω1(L0).
Let us now turn to the discussion of the U(1) gauge field on the D6-brane. It admits the general
expansion
AD6 = A
J hJ + a
I αˆI , (2.38)
where hJ ∈ C∞(L0) is a basis of functions on L0 and αˆJ ∈ Ω1(L0) is a basis of one-forms on
L0. Here again a countable basis can be chosen due to the compactness of L0. Note that the
field-strength of AD6 is given by
FD6 = F
J hJ −AJ ∧ dhJ + daI ∧ αˆI + F˜ , F˜ = aI dαˆI + fD6 , (2.39)
where fD6 ∈ H2(L0,R) is a background flux of FD6 on L0. The terms dhJ and dαˆI arise due to
the fact that the functions hJ need not to be constant on L0 and the one-forms αˆI need not to be
closed.
We thus find that an infinite tower of scalars aI which are coefficients of exact forms are actually
gauged by the gauge fields AJ for which dhJ 6= 0. Moreover, scalars aI arising in the expansion in
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non-closed forms appear without four-dimensional derivative in the expansion (2.39). To see this,
we introduce a special basis adopted to the metric induced on L0. More precisely, via the Hodge
decomposition each one-form αˆI can be uniquely decomposed into a harmonic form, an exact form
dhˆI and an co-exact form d
∗γˆI on L0 as
αˆI = µ
i
Iα˜i + dhˆI + d
∗γˆI , (2.40)
where α˜i are the b
1(L0) harmonic forms introduced in (2.19). We thus pick a basis of the space
of exact forms Ω1ex(L0) denoted by dhI and a basis d
∗γI of the space Ω
1
co-ex(L0) which are exact
with respect to d∗. By appropriate redefinition we can introduce scalars aˆJ parameterizing the
expansion in dhJ . Denoting the coefficients of the non-closed forms d
∗γI by a˜
I , and the coefficients
of the harmonic forms by aj the expansion (2.39) reads
FD6 = F
I hI + da
j ∧ α˜j +DaˆI ∧ dhI + da˜J ∧ d∗γI + F˜ , (2.41)
DaˆI = daˆI −AI , F˜ = a˜Idd∗γI + fD6 .
From this we conclude that precisely the scalars aˆI are gauged by AI . Since the four-dimensional
effective theory is an N = 1 supersymmetric theory one infers that there will be D-terms induced
due to these gaugings DaˆI , while F-terms are induced due to F˜ . We will determine the D-term in
section 4, and check that it matches the moment map analysis of ref. [34].
2.4 The four-dimensional effective action
We can now determine the kinetic terms for the chiral multiplets of the D6-brane coupled to the bulk
supergravity. Since the bulk action has been Kaluza-Klein reduced on the orientifold background
in ref. [11] we will focus on the reduction of the D6-brane action (2.20). The contributions entirely
due to bulk fields are later included in the determination of the N = 1 characteristic data.
Dirac-Born-Infeld action
Let us start by considering the Kaluza-Klein reduction of the first term in (2.20), i.e. the Dirac-
Born-Infeld action. We expand the determinant in (2.20) to quadratic order in the fluctuations
around the supersymmetric background. These are precisely the fluctuations of the embedding ι
of L parameterized by the fields ηi of (2.16) and the Wilson line scalars ai introduced in (2.19).
The normal coordinate expansions of the ten-dimensional metric on the D6-brane world-volume is
given to leading order by
ι∗g10 =
(
e2Dηµν + g(∂µη, ∂νη)
)
dxµ · dxν + (ι∗g + δ(ι∗g))mndξm · dξn , (2.42)
where gmn is the induced metric on L, and δ(ι
∗g)mn is the metric variation induced by the variation
of the background Ka¨hler and complex structure. Note that the four-dimensional metric ηµν is
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rescaled to the four-dimensional Einstein frame.7 One first performs the Taylor expansion of the
determinant while using (2.42). Inserting the result together with FD6 given in (2.41) into the first
part of (2.20) we obtain the four-dimensional action
S
(4)
DBI = −
∫
1
2Refr IJ F
I ∧ ∗F J + e2DGij dai ∧ ∗daj + e2DG˜IJ da˜I ∧ ∗da˜J
+e2DGIJ DaˆI ∧ ∗DaˆJ + e2DĜIJ dηI ∧ ∗dηJ + VDBI ∗ 1 , (2.43)
in the four-dimensional Einstein frame. The covariant derivative DaˆI was introduced in (2.41) and
indicates the gauging of the infinite tower of scalars aˆI . The potential term VDBI depends on the
deformations δ(ι∗g)mn of the calibration conditions (2.14) induced by the variation of the induced
metric on Lη which we computed in (2.32). Moreover, one obtains an additional term depending
on the modes violating the background condition FD6 −B2|L0 = 0 as in (2.34). Explicitly we find
VDBI =
e3φ
V2
∫
L0
d∗θη ∧ ∗d∗θη + e
3φ
V2
∫
L0
(
dθη ∧ ∗dθη + (F˜ −B2 − dθBη )∧ ∗(F˜ −B2 − dθBη )
)
, (2.44)
where F˜ is defined in (2.41). In the following we will discuss the metric functions appearing in the
kinetic terms of (2.43).
The first term in (2.43) is the kinetic term for the U(1) gauge bosons AI . The gauge coupling
function is thus given to leading order by
fr IJ =
∫
L0
(
2Re(CΩ) + iC3)hIhJ , (2.45)
where the volume of L0 has been replaced using (2.14). Note that Refr IJ admits a simple ge-
ometrical interpretation as L2-metric on the space of functions on L0. More generally, without
introducing a specific basis and restricting to a special Lagrangian one writes for two functions h, h˜
on L
Refr(h, h˜)|L = e−φ
∫
L
h ∧ ∗h˜ , (2.46)
which readily reduces to (2.45) on L = L0 using ∗1 = volL and (2.14).
The second, third and fourth term in (2.43) are the kinetic terms for the Wilson line moduli
ai, a˜I , aˆI , where the later appear with the covariant derivative DaˆI = daˆI + AI as introduced in
(2.41). The appearing metrics take the form
Gij = 12e−φG(α˜i, α˜j) , G˜IJ = 12e−φG(d∗γI , d∗γJ) , GIJ = 12e−φG(dhI , dhJ ) , (2.47)
where G is the L2-metric defined in (2.37), and α˜i, dhI and d∗γI are the one-form basis introduced
in (2.41). The fifth term in (2.43) contains the field space metric for the deformations ηI and is of
the form
ĜIJ =
∫
L0
g(sI , sJ)Re(CΩ) =
1
2e
−φG(θI , θJ) . (2.48)
7Recall that the four-dimensional metric in the Einstein frame η is related to the string frame metric ηSF via
η = e−2D ηSF.
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where θI are the one-forms on L0 introduced in (2.36). Let us comment on the derivation of the
second identity in (2.48). Here we first have to use the fact that g(si, sj) = J(si, Isj) = (Isj)yθi,
where J is the Ka¨hler form and I is the complex structure on Y . Next we deduce from J∧Re(CΩ) =
0 that we can move the Isj to obtain θi ∧ (Isj)yReCΩ. However, since CΩ is a (3, 0)-form one
deduces using
2(Isj)yReCΩ = −2sjyIm(CΩ) = e−φ ∗ θj , (2.49)
and the identity (2.16) the second equality in (2.48).
This completes our reduction of the Dirac-Born-Infeld action. Let us stress that the reduction
so far only included the leading order terms. In order to fully extract the N = 1 characteristic
data, however, we will need to match also higher order terms. It turns out that an efficient strategy
to proceed is to include these by using supersymmetry and a careful study of the the Chern-Simons
action. We will turn to the Kaluza-Klein reduction of this part of the D-brane action in the
following.
Chern-Simons action
Let us now turn to the dimensional reduction of the Chern-Simons part of the D6-brane action. In
the reduction one can again perform a normal coordinate expansion of the form-fields appearing
in the action. However, we will take here a somewhat different route and parameterize the normal
variations by introducing a four-chain C4 which contains the three-cycle Lη in its boundary
∂C4 = Lη − L0 , (2.50)
where L0 is the reference three-cycle, the supersymmetric background cycle.
We consider the Chern-Simons action containing the R-R forms C3, C5 and C7 given by
SCS =
∫
W
(0)
7
eF−B2 ∧ (C3 + C5 + C7) + SC4CS. (2.51)
Here W(0)7 =M3,1 × L0,
SC4CS =
∫
W8
d
[
eF−B2 ∧ (C3 + C5 + C7)
]
, (2.52)
and W8 = M3,1 × C4 such that W7 ⊂ ∂W8. This is in a similar spirit as the constructions in
[35]. To perform the Kaluza-Klein reduction of (2.52) we consider the expansion of A, the wedge
product between the R-R forms and the B-field introduced in (2.5), as∑
p=3,5,7,9
e−B2 ∧Cp = (ξkαk − ξ˜λβλ) + (Aα ∧ ωα +Aα ∧ ω˜α) (2.53)
+(Cλ2 ∧ αλ − C˜2k ∧ βk) + (C03 + Ca3 ∧ ωa + C3a ∧ ω˜a + C30 ∧ volY ) .
15
In (2.53), (αλ, β
k) is a basis of H3−(Y,R), ωa, ωα are basis of H
2
−(Y,R),H
2
+(Y,R), and ω˜
a, ω˜α
are a basis of H4+(Y,R),H
4
−(Y,R). Here we introduced the four-dimensional two-forms (C
λ
2 , C˜
2
k)
which are dual to the scalars (ξk, ξ˜λ), already introduced in (2.8). The vectors A
α have been
already introduced in (2.11), and Aα are their four-dimensional duals. Moreover, the Kaluza-
Klein expansion (2.53) also contains the four-dimensional three-forms (C03 , C
a
3 , C
3
a , C
3
0 ) which are
non-dynamical, but will crucially contribute to the scalar potential as in ref. [22].
Note also that the fields defined in (2.53) are not the expansions from the R-R forms alone, but
in general combine with the NS-NS two-form B2. Denoting by a hatˆthe fields which arise in the
expansion of the R-R forms alone, one finds, for example, that
B2-corrected:
{
vectors: Aα = Aˆα , Aα = Aˆα − AˆβbaKβaα ,
3-forms: C03 = Cˆ
0
3 , C
a
3 = Cˆ
a
3 + Cˆ
0
3 b
a , etc.
(2.54)
where Aˆα, Cˆ03 and Aˆα, Cˆ
a
3 denote the space-time vector bosons and three-forms coming from the
expansion of C3 and C5, respectively. In contrast, the scalars and two-forms in (2.53) have no
mixing with the B-field such that
no B2-correction: scalars: (ξ
k, ξ˜λ) 2-forms: (C
λ
2 , C˜
2
k) . (2.55)
As discussed in more detail in section 5 the situation is precisely reversed under mirror symmetry.
In fact, using the results on the side without B2 corrections mirror symmetry can be used to
compute the corrected couplings.
The Chern Simons action is dimensionally reduced by inserting (2.53) into (2.52). Focusing on
the couplings of Aα and (Cλ2 , C˜
2
k) in favor over their duals, one finds
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S
(4)
CS =
∫
1
2 Imfr IJ F
I ∧ F J − (δIλdCλ2 − δkI dC˜2k) ∧AI (2.56)
−(IIλ dCλ2 − IkI dC˜2k) ∧ daI + Lmix + L3 .
Here Lmix corresponds to the mixing of the brane and bulk gauge bosons
Lmix =
(
aJ∆(I)Jα + Γ(I)α
)
dAα ∧ F I + J˜ α(I)dAα ∧ F I , (2.57)
and L3 is the term which depends on the three-form field strengths as
L3 = dC03
(
1
2a
IaJ∆IJ + a
J Γ˜J
)
+ dCa3
(
aJ∆Ja + Γa
)
+ dC3a J˜ a . (2.58)
In order to display the couplings appearing in this action we first define the integral I(α˜, α)
between a one-form α˜ on Lη and a three-form α on Y , as well as the integral J (β˜, ω) between a
8One could also include the couplings to Aα and (ξ
k, ξ˜λ). In this case one has to analyze also the bulk action
keeping all forms and their duals as in ref. [30].
16
two-form β˜ on Lη and a two-form ω on Y . To do that we again extend the forms defined on L0 to
the chain C4 such that they are constant along the normal directions of Lη in Y . We define
I(α˜, α) =
∫
C4
α˜ ∧ α , J (β˜, ω) =
∫
C4
β˜ ∧ ω . (2.59)
Furthermore, we will also need a pairing δ between a a function h on L0 and three-form α on Y ,
as well as a pairing ∆ between a one-form γ on L0 and a two-form on Y . Hence, we set
δ(h, α) =
∫
L0
hα + I(dh, α), ∆(γ, β) =
∫
L0
γ ∧ β + J (dγ, β) . (2.60)
Note that these latter definitions include terms supported on L0 which are non-vanishing even in
the limit of vanishing normal displacement η. This redefinition is necessary since I and J vanish
for a vanishing normal displacement. In fact, we can expand (2.59) to first order in η for small
normal displacement in C4 = Lη − L0 and obtain
I(α˜, α) =
∫
L0
α˜ ∧ ηyα + ... , J (β˜, ω) =
∫
L0
β˜ ∧ ηyω + ... , (2.61)
which has a leading term linear in η.
Having introduced the pairings we can display the couplings in (2.56), (2.57) and (2.58). Let
us start with the couplings in (2.56) obtained as
IIλ = I(αˆI , αλ) , IkI = I(αˆI , βk) , δIλ = δ(hI , αλ) , δkI = δ(hI , βk) . (2.62)
Furthermore, in the mixed term Lmix, given in (2.57), for the gauge bosons one finds
∆(I)Jα = ∆(hI αˆJ , ωα) , Γ(I)α = J (hIfD6, ωα) , J˜ α(I) =
∫
C4
hI ω˜
α . (2.63)
Finally, we introduce the coefficients in (2.58) as
∆Ja = ∆(αˆJ , ωa) , Γa = J (fD6, ωa) , (2.64)
for couplings between the ambient space two-forms ωa and forms αˆJ and fD6 on the D6-brane. The
remaining couplings are
∆IJ =
∫
L0
αˆI ∧ dαˆJ , Γ˜J =
∫
L0
αˆJ ∧ fD6 , J˜ a =
∫
C4
ω˜a . (2.65)
It is not hard to interpret the different terms appearing in the action (2.56). The first term
corresponds to the theta-angle term of the gauge theory on the D6-brane and thus contains the
imaginary part of the gauge kinetic function. The second is a Green-Schwarz term which indicates
that the scalar fields (ξk, ξ˜λ) dual to the two-forms (C
2
k , C˜
λ
2 ) are gauged by the D6-brane vector
fields AI . In fact, upon elimination of (C2k , C˜
λ
2 ) one finds the covariant derivative
Dξk = dξk + δkIA
I , Dξ˜λ = dξ˜λ + δIλA
I , (2.66)
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We will show that the corresponding D-term appears in VDBI as expected from supersymmetry in
section 4. The third term in (2.56) will be of importance for the derivation of the Ka¨hler potential
and complex coordinates on the N = 1 field space. Upon elimination of (C2k , C˜λ2 ) it induces a
mixing of the kinetic terms of aI = (ai, aˆI) and (ξk, ξ˜λ). More precisely, one finds the modified
four-dimensional kinetic terms
LkinC3 = Gkl∇ξk ∧ ∗∇ξl +Gλκ∇ξ˜λ ∧ ∗∇ξ˜κ + 2G λk ∇ξk ∧ ∗∇ξ˜λ (2.67)
where the modified derivatives ∇ are defined by
∇ξk ≡ Dξk + IkI daI and ∇ξ˜λ ≡ Dξ˜λ + IIλdaI , (2.68)
with the metric G given as in the closed string case,
Gkl =
1
2 e
2D
∫
Y
αk ∧ ∗αl , Gλκ = 12 e2D
∫
Y
βλ ∧ ∗βκ , G λk = −12 e2D
∫
Y
αl ∧ ∗βλ . (2.69)
Note that the form of the metric G for ∇ξk and ∇ξ˜λ closely resembles the form of the metric Gij
for the scalars ai as seen from (2.43) and (2.47). We will exploit this observation in the detailed
study of the moduli space geometry later on. This similarity only occurs in the N = 1 orientifold
for which the field space metric is Ka¨hler. In the underlying N = 2 set-ups the moduli space
containing the R-R scalars is a quaternionic manifold.
The Lmix is a kinetic mixing term between the U(1) from the brane with the vector field from
the C3 expansion. This term will be important in the derivation of the gauge coupling function in
section 3.
The term L3 given by (2.58) contains the four-dimensional three-forms which arise in the ex-
pansion of C3, C5, C7. Very similar to the analysis in ref. [22] they will be crucial to complete the
scalar potential contributions in VDBI to supersymmetric F-terms which can be obtained from a
superpotential. To find the scalar potential from the three-form potential one has to eliminate the
forms dC03 , dC
3
a and dC
a
3 from the complete four-dimensional effective action. In particular, in
addition to L3 one also has to include the reduction of the ten-dimensional kinetic term in (2.4).
The resulting action for the three-forms will be given in terms of the matrix NAˆBˆ defined as
NAˆBˆ =
( −13Kabcbabbbc 12KBabbabb
1
2KAabbabb −KABaba
)
− iV
(
1 + 4Gabb
abb −4GBaba
−4GAaba 4GAB
)
, (2.70)
where Aˆ = {0, a, α}, and one has to use Kabα = Kαβγ = 0. Using these definitions we find after
rescaling to the Einstein that
S3-form =
∫
1
4e
−4D(ImN )−1 aˆbˆ(dC3aˆ −Naˆcˆ dC cˆ3) ∧ ∗(dC3bˆ − N¯bˆdˆ dC dˆ3 ) + L3 , (2.71)
where C aˆ3 = (C
0
3 , C
a
3 ) and C
3
aˆ = (C
3
0 , C
3
a), and L3 is the D-brane coupling defined in (2.58). As
in ref. [22] we next dualize dC03 , dC
a
3 and dC
3
a , dC
3
0 into flux scalars e0, ea,m
a,m0. In ref. [42] the
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interpretation of these scalars as quantized fluxes has been provided. They also arise as background
values of the field strengths F2 = m
aωa, F4 = eaω˜
a and F6 = e0 volY as there expansions into
harmonic forms on Y . In addition there is Romans mass parameter F0 = G0 = m
0. After
dualization of the three-forms on finds the scalar potential
Vflux+CS =
1
4e
−4D(ImN )−1 aˆbˆ(e˜aˆ −Naˆcˆ m˜cˆ) ∧ ∗(e˜bˆ − N¯bˆdˆ m˜dˆ) , (2.72)
where
e˜0 = e0 +
1
2
∫
C4
F˜ ∧ F˜ + 12
∫
L0
F˜ ∧ aI αˆI , (2.73)
e˜a = ea +
∫
C4
F˜ ∧ ωa +
∫
L0
aI αˆI ∧ ωa,
m˜a = ma +
∫
C4
ω˜a , m˜0 = m0 .
The additional terms in the definitions (2.73) arise precisely because of the term L3 form the D6-
brane. Luckily, apart from these shifts, the closed string moduli dependence of the potential (2.72)
agrees with the analog expression found in ref. [11], and we will thus be able to integrate it into a
superpotential without much effort.
Restriction of the brane action to harmonic modes
To conclude our reduction of the D6-brane action let us also give the result which is obtained
by restricting to harmonic forms. This corresponds to a truncation of the Kaluza-Klein tower of
the brane fields to include only the lightest states. The resulting action will be useful in the next
section when analyzing the moduli space. The Kaluza-Klein Ansatz for the D6-brane field strength,
eqn. (2.41), simplifies to
FD6 = F + da
i ∧ α˜i + fD6 . (2.74)
This implies that the DBI action reduces to
S
(4)
DBI = −
∫
1
2Refr F ∧ ∗F + e2DGij dai ∧ ∗daj + e2DĜij dηi ∧ ∗dηj , (2.75)
with the metric Gij being the same as in (2.47), and Ĝij the restriction of (2.48) to supersymmetric
deformations (i.e., harmonic one-forms θi). The gauge coupling function (2.45) simplifies to
Re fr =
∫
L0
2Re(CΩ) , (2.76)
as we restrict hI to the only harmonic function, the constant function which we normalized to 1.
We did not include the scalar potential VDBI since it vanishes when restricting to the harmonic
subset of forms, as we will show in section 4.
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The truncation of the Chern-Simons action to the harmonic modes is
S
(4)
CS =
∫
1
2 Imfr F ∧ F − (δλdCλ2 − δkdC˜2k) ∧A− (Iiλ dCλ2 − Iki dC˜2k) ∧ dai (2.77)
+
(
aj∆jα + Γα
)
dAα ∧ F + J˜ αdAα ∧ F + dCa3
(
aj∆ja + Γa
)
+ dC3a J˜ a + dC03
(
ajΓ˜j
)
,
with couplings
δλ =
∫
L0
αλ, δ
k =
∫
L0
βk, Iiλ =
∫
C4
α˜i ∧ αλ, Iki =
∫
C4
α˜i ∧ βk , (2.78)
∆iA =
∫
L0
α˜i ∧ ωA, ΓA =
∫
C4
fD6 ∧ ωA, A = {a, α}, Γ˜i =
∫
L0
α˜i ∧ fD6 ,
and J˜ A = ∫
C4
ω˜A as defined in (2.65). One realizes that the couplings (δλ, δ
k) and ∆iA, Γ˜i are
constants, while the couplings (Iiλ,Iki ) and ΓA depend on the brane deformations through the
chain C4.
Let us take a closer look at the three-form couplings L3. We can expand the C4 chain around
the L0 cycle to see the explicit dependence on the brane deformations. Just like (2.61), we obtain,
up to first order in the open fields,
L3 = dCa3
∫
L0
(
ajα˜j ∧ ωa + ηjsjyωa ∧ fD6
)
+ dC3a
∫
L0
ηjsjyω˜
a + dC03
∫
L0
ajα˜j ∧ fD6. (2.79)
Note that this implies that L3 is non-vanishing also in the case we restrict to harmonic forms only.
However, note that (2.79) describes a coupling between the open and closed sector. In fact, the
scalar potential (2.72) arising from (2.79) is obtained as an F-term potential when varying the
superpotential with respect to the closed string fields ta.
3 The open-closed moduli space and the Hitchin functionals
In this section we discuss the geometry of the moduli space of the bulk sector and brane sector in
more detail. In the first part, section 3.1, we assume that the open moduli are frozen and discuss
the geometry of the moduli space MQ of the dilaton and the real complex structure deformations
following [11]. In section 3.2 we discuss the moduli space of special Lagrangian deformations ηi
following the work of Hitchin [24, 25]. This description will be slightly extended by including the
NS-NS B-field. The open moduli space has finite dimension b1(L0) and can be encoded by the
variation of harmonic one- or two-forms on L0.
In the complete set-up, with varying open and closed modes, the definition of being special
Lagrangian crucially depends on both the Ka¨hler as well as the complex structure moduli of Y . In
fact, the normal vectors si used in order to define the one-forms θi = siyJ need to be chosen such
that θi is harmonic. This notion changes when varying the complex and Ka¨hler structure of Y .
Nevertheless, if such a change does not alter the topology of Y and L0, one expects to find a new
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embedding map ι′ which makes Lη supersymmetric in Y and posses also b
1(L0) special Lagrangian
deformations. This suggest to view the full moduli space as fibration of the open string moduli
space MCo over the closed string moduli space MKC ×MQC , where MKC is the space spanned by
the complexified Ka¨hler deformations. In section 3.3 we will explore the local geometry of this full
moduli space in more detail. Note that we are still dealing with only a finite set of deformations. In
the absence of background fluxes these remain massless due to the vanishing of the scalar potential.
In section 3.4 we also analyze the gauge coupling function and the kinetic mixing for the brane
and bulk U(1) gauge fields. In particular, we comment on its holomorphicity properties.
3.1 The orientifold moduli space
Let us first discuss the moduli spaceMQ for the closed string modes eD and the h(2,1) real complex
structure deformations denoted by qK . Its metric takes the form
1
2G = dD · dD +KcsKL dqK · dqL , (3.1)
where KcsKL is the Weil-Petersson metric restricted to the slice of real complex structure defor-
mations preserving the orientifold constraint (2.1). As suggested already in (2.7) and (2.8) one
describes the geometry of this space by considering the the three-form 2Re(CΩ) ∈ H3+(Y,R) with
periods Uk = 2Re(CXk) and Uλ = 2Re(CFλ). In these new coordinates UK = (Uk, Uλ) the metric
G in (3.1) is obtained as a second derivative of the real function [11]
KQ(V ) = −2 ln
[
i
∫
Y
CΩ ∧ CΩ
]
= −2 log [e−2D] . (3.2)
Then the first derivatives of Kc are given by
1
2
∂KQ
∂Uk
= 2 e2DIm(CFk) ≡ Vk , 1
2
∂KQ
∂Uλ
= −2 e2DIm(CXλ) ≡ V λ . (3.3)
The second derivatives of KQ can be evaluated explicitly as well
G =
∂2KQ
∂UK∂UL
dUK · dUL = Gkl dUk · dU l +Gλκ dUλ · dUκ + 2G λk dUk · dUλ . (3.4)
Here one checks that the components of G in these coordinates are precisely as defined in (2.69)
by either using a truncated version of N = 2 special geometry as in ref. [11] or by applying the
techniques developed by Hitchin in ref. [14] as done in [13].9 The fact that (2.69) is the metric for
the scalars (ξk, ξ˜λ) allows us to identify local complex coordinates N
′k = Uk+iξk and T ′κ = Uλ+iξ˜λ
on a Ka¨hler manifold MQ
C
which is locally of the form MQ ×H3+(Y,R/Z). The Ka¨hler potential
for the metric G on MQ
C
is precisely KQ(N + N¯ , T + T¯ ) given in (3.2).
9H(Re(CΩ)) = i
∫
Y
CΩ ∧ CΩ is also known as entropy or Hitchin functional of the real three-form Re(CΩ).
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Note that originally MQ
C
was found as the N = 1 field-space obtained by truncating the
underling quaternionic geometry spanned by the N = 2 hypermultiplets. Each hypermultiplet
has been truncated to a single N = 1 chiral multiplet such thatMQ has half the real dimension of
the quaternionic space. However, in order to prepare for the discussion of the moduli space of special
Lagrangian submanifolds, one notes that MQ can also be viewed as a Lagrangian submanifold of
a vector space. The map embedding MQ in this special way is of the form
FQ : MQ →֒ V × V ∗ , V = H3+(Y,R) , (3.5)
where V ∗ ∼= H3−(Y,R) is the dual vector space of V . MQ is Lagrangian with respect to the natural
symplectic structure w on V × V ∗, i.e. FQ∗w = 0, and its metric is induced by the natural metric
g on V × V ∗, i.e. FQ∗g = G. Explicitly, w and g are given by
w((a, a′), (b, b′)) = a′(b)− b′(a) , g((a, a′), (b, b′)) = a′(b) + b′(a) , (3.6)
where a′(a) is the application of a′ ∈ V ∗ to a ∈ V . In the case at hand, w and g can be evaluated
using the wedge product a′(b) =
∫
Y a
′ ∧ b, and the map FQ is given by
FQ : (D, qK) 7→ (Ukαk − Uλβλ, V λαλ + Vkβk) = (2Re(CΩ),−2e2DIm(CΩ)) . (3.7)
Since MQ is a Lagrangian subspace of V × V ∗ with induced metric G, it can be obtained as a
graph of a function KQ which is the potential introduced in (3.2). Note that the embedding of
MQ satisfies another special property, since
g(FQ(p), FQ(p)) = 2(VkU
k + V λUλ) = 4 , (3.8)
for every point p on MQ. This additional condition corresponds to the fact that, upon complexifi-
cation with the R-R scalars, the Ka¨hler metric satisfies the no-scale type condition
KQ
M ′K
KQM
′KM¯ ′LKQ
M¯ ′L
= 4 , (3.9)
where M ′K = (N ′k, T ′λ) are the complex coordinates introduced in (2.8).
It worthwhile to mention that a similar logic can also be applied to the Ka¨hler sector of the
orientifold theory. In this case the functionalKK is simply given by the logarithm of the Calabi-Yau
volume. One finds that for the coefficients va of J = vaωa that
∂2KK
∂va∂vb
=
1
4V
∫
Y
ωa ∧ ∗ωb , KK = − ln
[
4
3
∫
Y
J ∧ J ∧ J
]
, (3.10)
which is the analog of (3.2) and (3.4). Here also one finds a natural Lagrangian embedding FK of
the moduli spaceMK into a vector space, which is now of the form V ×V ∗ = H2−(Y,R)×H4+(Y,R).
Here the special non-scale property of KK translates to g(F ks(p), FK(p)) = 3 for each p in MK .
The complexification of MK is via the B2 scalars as in (2.6) and we locally have MKC = MK ×
H2−(Y,R/Z).
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Let us conclude the discussion of the moduli space MQ ×MK by presenting yet another way
to motivate its geometrical structures. In an orientifold compactification it is well-known that the
orientifold planes, located on the fix-points of the involution σ, are not dynamical and hence do not
posses moduli at weak string coupling. Hence, all deformations inMQ×MK need to preserve the
embedding of the fix-planes and thus the conditions (2.12). Clearly, this is indeed the case for the
scaling of eD. Also the real complex structure and Ka¨hler structure deformations chosen such that
Im(CΩ) and J remain elements of H3−(Y,R) and H
2
−(Y,R) ensure that these forms vanishes on the
fix-point locus of σ. In the discussion of the D6-brane moduli space we will turn the story around
and consider the variations of the D-brane embedding maps ι which preserve the conditions (2.14)
for fixed closed string fields.
3.2 The moduli space of D6-branes on special Lagrangian submanifolds
In the following we will discuss the moduli space of a supersymmetric D6-brane wrapped on a
special Lagrangian cycle on a Calabi-Yau manifold Y with fixed complex and Ka¨hler structure
following [24, 25]. At the end of this subsection we propose a simple modification to include the
B-field.
The geometry of the moduli space of special Lagrangian submanifolds
To begin with, recall that the space of maps from a three-dimensional manifold L into Y is infinite
dimensional if no further restrictions are imposed. However, we have derived the potential (2.44)
for modes violating the supersymmetry constrains (2.14) rendering these fields massive. Reducing
the general deformation problem to embeddings ι which preserve (2.14) reduces the problem to
the study of a finite dimensional deformation spaceMo. In section 2.1 we already stated McLeans
result that this moduli spaceMo is b1(L0)-dimensional. At linear order its geometry can be studied
by considering the variations of harmonic one-forms ηiθi = η
isiyJ on L0. Here si is a normal vector
parameterizing a deformation through special Lagrangian submanifolds, and J is a fixed background
Ka¨hler form which vanishes on L0. The Hodge dual to θi on L0 can be obtained as contraction
of Im(CΩ) with si as given in (2.49). The variations of the θi and ∗θi are analyzed by expanding
these forms in an integral basis α˜i of H
1(L0,Z) and β˜
i of H2(L0,Z) respectively,
θi = λ
j
i α˜j ,
1
2e
−φ ∗ θi = µji β˜j , (3.11)
where λji (η) and µij(η) define the periods of θi and e
−φ ∗ θi. Explicitly they are given by
λji =
∫
L0
siyJ ∧ β˜j , µij = −
∫
L0
sjyIm(CΩ) ∧ α˜i . (3.12)
Note that we have introduced an additional factor of the dilaton, which is constant for a fixed
background, but will later allow us to make contact to the metrics found in section 2. By using the
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closedness of J and Im(CΩ) one shows that there exist functions (ui, vi) such that [24]
∂ui
∂ηj
= λij ,
∂vi
∂ηj
= µij . (3.13)
In fact, (ui, vi) are the analogs of (U
K , VK) for the orientifold moduli space (3.3).
Let us point out that the harmonic one-forms θηi can be constructed on each Lη obtained by
a supersymmetric deformation of L0 [24]. Generalizing (3.11) we can pull back θ
η
i from Lη to L0
using the exponential map E introduced in section 2.2. Following the strategy of section 2.4 we
can then use the chain C4 to write
λji = ∂ηi
∫
C4
J ∧ β˜j , µji = −∂ηi
∫
C4
ImCΩ ∧ α˜j . (3.14)
which at linear order reproduces (3.11) on L0. Inserting (3.14) into (3.13) this provides us with a
chain integral expression for the coordinates (ui, vi).
To obtain the differential geometrical structure on Mo one follows a similar logic as in (3.5)
and (3.7), and defines the map
Fo : Mo →֒ V × V ∗ = H1(L,R)×H2(L,R) , (3.15)
ηi 7→ (uiα˜i, viβ˜i) .
Using this mapMo is embedded as a Lagrangian submanifold with respect to the natural symplectic
form w in (3.6) on V ×V ∗, where now a′(b) = ∫L a′∧ b [24]. Moreover, the induced metric obtained
from g, defined in (3.6), is evaluated to be
F ∗o g = Gij dui · duj = Ĝij dηi · dηj , (3.16)
where Gij is explicitly given in (2.47) and Ĝij can be found in (2.48). It is straightforward to
evaluate the metrics in terms of the periods λji and µij using (3.11) and (3.13) as
Ĝij = µki λkj , Gij = µik (λ−1)kj . (3.17)
From the fact thatMo is a Lagrangian submanifold one finds that it can be locally represented by
a single function Ko with vi = ∂Ko/∂u
i. This is the direct analog of (3.3). Moreover, using the fact
that F ∗o g = dui·dvi the metric onMo is the Hessian ofKo with respect to ui, i.e. Gij = ∂2Ko/∂ui∂uj .
As in the case of the orientifold moduli space, we next have to define a complexification of Mo
to obtain the spaceMCo . Let us first consider the case of vanishing B-field. Since the metric Gij in
the coordinates ui agrees with the metric for the Wilson line moduli ai, found in (2.43), one defines
complex coordinates ζ i on MCo as
no B-field: ζ i = ui + iai , (3.18)
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and identifies Ko(ζ + ζ¯) as a Ka¨hler potential such that
Gij = ∂
2Ko
∂ui∂uj
= 4
∂2Ko
∂ζ i∂ζ¯j
. (3.19)
The metric Gij on MCo satisfies an important additional property. In fact, it turns out that MCo
is actually a non-compact Calabi-Yau manifold with non-vanishing holomorphic b1(L0)-form Ω̂ =
dζ1 ∧ . . . ∧ dζb1 with constant length with respect to the Ka¨hler form on MCo [24]. However,
it is important to note that Ko cannot be simply extended to a Ka¨hler potential on a compact
Calabi-Yau manifold due to its apparent shift symmetry ζ → ζ + ic, for constants c. As well-
known these shift symmetries will however be broken by non-perturbative effects coupling with
instanton factors e−ζ
i
. There has been much progress in understanding such corrections for in the
holomorphic superpotential by explicitly computing the Type IIB chain integrals. Recent works
in this direction include [36, 37, 38, 39], and references therein. The study of corrections to the
Ka¨hler potential is significantly more involved, since it is not protected by holomorphicity.
Open coordinates with B-field
So far we have analyzed in this subsection the open moduli space for vanishing B2 and fD6. We
want to generalize this in the following. To include the B-field we note from (3.14) and (3.13) that
ui can be written by using the four-chain in (2.50) as
ui =
∫
C4
J ∧ β˜i =
∫
L0
ηyJ ∧ β˜i + . . . , (3.20)
where we have also given the η expansion for small fluctuations around L0. One can now replace
J in (3.20) by −iJc = J − iB2 as used for the closed coordinates in (2.6). This leads us to modify
(3.18) as
ζ i = uic + ia
i , uic = −i
∫
C4
Jc ∧ β˜i . (3.21)
Note that uic is the complexification of u
i with a B-field correction which can be absorbed by a shift
of ai. This implies that (3.19) remains to be valid.
In the definition (3.21) we have used the chain C4 with boundaries L0 and Lη. It is desirable to
introduce a similar extension which allows to include the gauge field. To do that we introduce an
extension FD6 = dAD6 of the gauge connection AD6 to the chain C4 such that
AD6|L0 = A0D6 , AD6|Lη = A0D6 − aI αˆI , (3.22)
where αˆI and A
0
D6 have been transported trivially from L0 to Lη along the geodesic given by η.
Here A0D6 is a background gauge bundle on L0 which for fixed B2 allows to satisfy the supersym-
metry conditions on L0. In other words, for a constant B2 along the chain, FD6 might satisfy the
supersymmetry conditions on L0 but violate the supersymmetry conditions on Lη due to non-trivial
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Wilson line scalars aI . Importantly this prescription can also be used for η → 0. In this case, one
does not deform L0 but changes the gauge connection by non-trivial scalars a
I . The imaginary
part of the N = 1 coordinates arising from the gauge connection AD6 can now be also written as
a chain integral
∫
C4
FD6 ∧ β˜i. Thus, we find that the ζ i are given by the elegant expression
ζ i = −i
∫
C4
(Jc −FD6) ∧ β˜i . (3.23)
At leading order in the η-expansion the complex coordinates ζ i are encoded by a one-form Ac on
L0 with expansion
Ac = −iηyJc + iAD6 = ζ iα˜i , (3.24)
into a basis α˜i of H
1(L0,Z). Let us close by noting that (3.23) naturally includes a possible D6-
brane flux. It would be interesting to evaluate all expressions found below including this flux.
However, we will keep fD6 = 0 in most of the computations.
3.3 The open-closed Ka¨hler potential and N = 1 coordinates
In the following we determine the N = 1 data for the kinetic terms of the four-dimensional effective
action by specifying the N = 1 complex coordinates, the Ka¨hler potential and the gauge coupling
function for the U(1) gauge theory on the D6-brane. We will do this by only including a finite set of
deformations specified in the last two subsections. Note that these deformations will be obstructed
by a scalar potential, since one always needs to impose the supersymmetry conditions (2.14) for the
deformed D6-brane which depend on both the open as well as closed moduli. One thus expects that
only a space of complex dimension smaller than 12b
3(Y )+h1,1− (Y )+ b
1(L0) can be studied as a true
open-closed moduli space which is classically un-obstructed by a scalar potential in the absence of
background fluxes. This can be also understood by noting that Type IIA compactifications with
D6-branes will admit an M-theory embedding as a compactification on a G2-manifold [40, 41, 42].
The finite number of massless deformations of this manifold will incorporate the subset of the
closed and open deformations of section 3.1 and 3.2 which are flat directions of the supersymmetry
conditions (2.14).
Let us start by noting that the D6-brane degrees of freedom are still encoded by the complex
coordinates ζ i which have been introduced in (3.18) and (3.21). From the closed string sector we
find the complexified Ka¨hler structure deformations ta introduced in (2.6). As we will check later
on, the definition of the remaining closed string complex coordinates is corrected by a functional
depending on the open coordinates ζ i. More precisely, they arrange very elegantly as
Nk = Uk − 2 ∂Vk(e2DKo) + iξk , Tλ = Uλ − 2 ∂V λ(e2DKo) + iξ˜λ, (3.25)
where the real scalars (ξk, ξ˜λ) arise in the expansion (2.7), and we recall that U
k = 2Re(CXk),
Uλ = 2Re(CFλ) as well as Vk = 2e2DIm(CFk), V λ = −2e2DIm(CXλ) are periods of CΩ. In
26
summary, we can simply write
ζ i = uic + ia
i , MK = UK − 2 ∂VK (e2DKo) + iξK , (3.26)
where ξK = (ξk, ξ˜λ) and the abbreviations U
K = (Uk, Uλ) and VK = (Vk, V
λ) are as in (3.3). The
real function Ko is now dependent on both u
i as well as UK (or rather VK). To see this, note
that eφ ∗ θi = 2siyIm(CΩ) as introduced in (2.16), clearly depends on Im(CΩ). Performing the
η-expansion of Ko around η = 0 one finds
− 2 ∂Vk(e2DKo) = − ∂Vk(e2DGij)|η=0uiuj + . . . , (3.27)
= −1
2
∫
L0
α˜i ∧ slyβk
(∫
L0
β˜j ∧ slyJ
)−1
uiuj + . . . ,
as we derive in detail in appendix A. Together with a similar expression for ∂V λ(e
2DKo), replacing
βk → αλ, one can use (3.27) to derive the leading order effective action. In order to do that, we
also need to specify the Ka¨hler potential, to which we will turn next. Realize that as a trivial check
of (3.26) one recovers the bulk N = 1 coordinates (N ′k, T ′k) given in (2.8) if Ko = 0.
To encode the leading order D6-brane effective action found in (2.43) and (2.56), we finally need
to specify the Ka¨hler potential. It is given by
K = Kks +KQ = − ln
[
4
3
∫
Y
J ∧ J ∧ J
]
− 2 ln
[
i
∫
Y
CΩ ∧ CΩ
]
, eK =
1
8
e4DV−1. (3.28)
Note that K has to be evaluated in terms of the N = 1 coordinates (3.25) and thus only depends
on ζ i + ζ¯ i, MK + M¯K and ta − t¯a. This can be done explicitly for the first term Kks since
Kks(t, t¯) = − ln [ i6Kabc(t− t¯)a(t− t¯)b(t− t¯)c] , (3.29)
where Kabc =
∫
Y ωa ∧ ωb ∧ ωc are the triple intersection numbers. It corresponds to the volume
of the Calabi-Yau manifold Y and will be corrected by perturbative and non-perturbative string
worldsheet contributions. For the second term KQ it is in general hard to find an explicit ex-
pression in terms of the N = 1 coordinates. However, we are nevertheless able to check that the
general kinetic terms determined by the derivatives of KQ match the leading order terms found by
dimensional reduction.
Let us summarize the derivatives of the Ka¨hler potential KQ. We note that the derivatives with
respect to the closed string moduli Nk, Tλ take the same form as in (3.3), ∂NkK = Vk, ∂TλK = V
λ.
However, (Vk, V
λ) now depend implicitly on the open string coordinates ζ i through the evaluation
of the closed string expressions in terms of the N = 1 coordinates (3.25), i.e. one has to view
VK(u
i, UK). The derivatives with respect to ζ i will be postponed to section 4. In summary one
finds that
Ki = e
2Dvi , Kk = 2 e
2DIm(CFk) , Kλ = −2 e2DIm(CXλ) . (3.30)
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where Ki = ∂K/∂ζ
i, Kk = ∂K/∂N
k and Kλ = ∂K/∂Tλ. Also the Ka¨hler metric can be evaluated
explicitly. One finds for the derivatives with respect to (Nk, Tλ, ζ
i) that
Kkl¯ = Gkl , Kλκ¯ = G
λκ , Kkλ¯ = G
λ
k , (3.31)
Ki¯ = e
2DGij + IKi GKLILj , Kik¯ = ILi GLk , Kiλ¯ = ILi GλL ,
where GKL = (Gkl, G
λκ, Gλk) was given in (2.69), and IKi = (Iki ,Iiλ) are the derivatives
Iki =
∂2Ko
∂Vk∂ζ i
, Iiλ = ∂
2Ko
∂V λ∂ζ i
. (3.32)
In appendix A we will check these expressions by an explicit computation, and match these data
with the leading order effective action obtained in section 2.
Let us comment on the special form of the Ka¨hler metric (3.31). It can be directly inferred by
making use of the invariance of the kinetic terms under the shift symmetries
Nk → Nk + iΛk , Tλ → Tλ + iΛλ , (3.33)
for arbitrary constants (Λk,Λλ). If such shift symmetries exist in the full four-dimensional effective
action one can replace the chiral multiplets Nk and Tλ) by linear multiplets (Vk, C
2
k) and (V
λ, Cλ2 ),
as described in more details in appendix B. Here VK = (Vk, V
λ) are the scalars dual to (ReNk,ReTλ)
given in (3.30) and (C2k , C
λ
2 ) are two-forms dual to the scalars from C3. The chiral multiplets and
linear multiplets are connected by a Legendre transform, and the new real function encoding the
kinetic terms of the multiplets is given by
K˜(V, ζ + ζ¯) = K(V )− Vk(Nk + N¯k)− V λ(Tλ + T¯λ) (3.34)
= K(V ) + 4
∂(e2DKo)
∂VK
VK − 4 ,
where we have inserted (3.26) and used (3.8) to obtain the constant term−4. The key point to notice
is that in this dual picture all quantities are functions of VK , ζ
i. In particular, this implies that now
K(V ) = −2 ln(e−2D) = −2 ln(i ∫ CΩ ∧ CΩ) is independent of ζ i, and all equalities found for the
moduli space of special Lagrangian cycles of section 3.2 can be directly applied. Since the linear
multiplet picture is just an equivalent dual description one can equally express the kinetic terms in
the chiral multiplet picture in terms of the derivatives of K˜. Let us denote by K˜KL = ∂VK∂VLK˜,
and by K˜KL its inverse. Similarly, we denote by K˜
K
ζi and K˜ζiζj the remaining second derivatives
with respect to ζ i and VK . The expression for the kinetic terms then has the form
Lkin = −(K˜ζiζ¯j + K˜Kζi K˜KLK˜Lζ¯i) dζ i ∧ ∗dζ¯j + K˜KL
(
dReM I ∧ ∗ReMJ + dξK ∧ ∗dξJ)
−2 K˜KLK˜Lζi
(
dReM I ∧ ∗duj + dξI ∧ ∗daj) (3.35)
This is precisely the form of the Ka¨hler metric (3.31) and it remains to check that indeed K˜KL =
GKL, K˜ζiζ¯j = e
2DGij and K˜Kζi = IKi . For the leading order actions found in section 2 this is done
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in appendix A. Note that the form of the metric (3.35) is also inherited if only a potential term
breaks the shift-symmetries (3.33).
Let us make a brief comment on the appearance of the term dReM I ∧ ∗duj . This term cor-
responds to a kinetic mixing between complex structure and brane deformations, and would be
expected to appear in higher order expansions of the Dirac-Born-Infeld action. In this section
however it was obtained by simply analyzing the N = 1 characteristic data and the moduli space.
3.4 Gauge coupling functions and kinetic mixing for finite deformations
Having discussed the kinetic terms for the scalars in the N = 1 effective theory we will now turn
to an analysis of the kinetic terms for the U(1) vectors fields. We have shown in section 2 in the
case one focuses on harmonic modes in the reduction that the spectrum contains a D6-brane U(1)
vector A as well as h
(1,1)
+ bulk U(1) vectors A
α. The leading gauge coupling function for the brane
U(1) was derived in section 2.4 and given by
fr =
∫
L0
(
2Re(CΩ) + iC3) = δkN
′k − δλT ′λ , (3.36)
where δk =
∫
L0
αk and δ
λ =
∫
L0
βλ. However, as we have discussed in section 3.3, the inclusion of
the open moduli forces us to introduce the modified complex coordinates Nk, Tλ given in (3.25).
In order to obtain a holomorphic gauge coupling function it is expected that (3.36) is modified to
f = δkN
k − δλTλ . (3.37)
The modifications in (3.37) did not appear in our leading order dimensional reduction, but are
expected to arise a higher order in the brane deformations. As we will see shortly open moduli
corrections to fr are also obtained after a careful treatment of the two dual bulk gauge fields A
α, Aα
introduced in (2.54). Recall that the gauge coupling function for the bulk R-R U(1) vectors Aα is
simply given by [11]
fαβ = i
∫
Y
ωα ∧ ωβ ∧ ωa ta = iKαβata = −iN¯αβ . (3.38)
where Nαβ is the complex matrix already introduced in (2.70). Clearly, fαβ is holomorphic in the
complex fields ta. Since the ta are not corrected by the open moduli one expects the result (3.38)
to remain valid also in the leading order reduction with a D6-brane. We will show in the following
that this is indeed the case. More interestingly, we find that there are further corrections depending
on the open moduli and D6-brane fluxes which induce a kinetic mixing of the brane and bulk U(1)
gauge fields.
Let us now turn to a more careful analysis of the gauge coupling functions including the brane
moduli. In order to do that we summarize the action for all vector fields including the dual Aλ
introduced in (2.54). The mixing terms proportional to dAα ∧ F and dAα ∧ F have appeared
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in in the reduction of the Chern-Simons action in (2.77). The brane couplings have to be taken
into account when eliminating Aα in favor of A
α by using vector-vector duality in four dimensions
as enforced by (2.3). A detailed calculation can be found in appendix C which uses a procedure
similar to the one of ref. [21]. Here we just present the results. The action obtained after a careful
elimination of Aλ is
S(4)vec = −
∫
1
2RefαdA
α ∧ ∗F + 12ImfαdAα ∧ F + 12ImNαβdAα ∧ ∗dAβ
+12ReNαβdAα ∧ dAβ + 12RefcorF ∧ ∗F + 12ImfcorF ∧ F
where the gauge coupling function fα encoding the kinetic mixing between bulk and brane U(1)’s
is given by
fα = −4(iN¯αβJ˜ β + iaj∆jα + iΓα) , (3.39)
and the corrected gauge coupling function fcor for the brane U(1) is
fcor = fr + 4(iN¯αβ J˜ α + iaj∆jβ + iΓα)J˜ β . (3.40)
The coefficient functions are given by J˜ α = ∫
C4
ω˜α, ∆jα =
∫
L0
α˜j ∧ ωα and Γα =
∫
C4
ωα ∧ fD6 as
introduced in section 2. Recall that ∆jα is independent of the moduli, while J˜ β,Γα depend on the
brane deformations through the chain C4.
To study the holomorphicity properties of the gauge couplings we discuss fα and fcor in turn.
One notes that the first term in (3.39) can be rewritten as
iN¯αβJ˜ α =
∫
C4
iN¯αβω˜α =
∫
C4
(J − iB) ∧ ωβ = ujc∆jβ , (3.41)
where we have used (3.21) to obtain the factor ujc. Using this expression it is straightforward to
rewrite the gauge coupling fα in the absence of brane fluxes as
fα = −4ζj∆jβ , (3.42)
which is clearly holomorphic on the open moduli ζ i = uic + ia
i. It would be interesting to extend
these arguments to include the D6-brane flux fD6.
Let us now turn to the analysis of the corrected gauge coupling function fcor of the brane U(1).
Using (3.40) and (3.39) one sees that it can be written as
fcor = fr − fαJ˜ α , (3.43)
the additional term is at least of second order in the open moduli. One notes that the real part of
fcor is given by
Refcor = Refr + 4ImNαβJ˜ αJ˜ β = Refr +RefαRefαβRefβ , (3.44)
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which can be inferred from (3.39) and (3.43). This result generalizes to the space of infinite defor-
mations by replacing fr with fr IJ , and fα with fαI . The expressions for these are straightforward
generalizations of (3.39)-(3.44) with the abbreviations introduced in section 2.4. Hence, the real
part of the gauge coupling function takes the form
Re f =
(
Refr IJ +RefγIRef
γδRefδJ RefIα
RefJβ Refαβ
)
, (3.45)
and can be easily inverted. This result will be important in section 4, when we compute the scalar
potential coming from D-terms since it involved the inverse (Re f)−1.
Let us close this section by making some general remarks about the holomorphicity of the
gauge coupling function fcor in (3.43). In order to do that, one has express it in terms of the
N = 1 coordinates Nk, Tλ, ta and ζ i. However, recall from (3.25) that also the Nk and Tλ receive
corrections by the open deformations. In fact, we η-expand
Re(Nk−N ′k)δk−Re(Tλ−T ′λ)δλ = ui
(
− 12
∫
L0
α˜i∧ηyβk
∫
L0
αk+
1
2
∫
L0
α˜i∧ηyαλ
∫
L0
βλ
)
+. . . , (3.46)
where we have used (3.20) and (3.27). To compare this result, we also η-expand (3.43) to find
Refcor − Refr = 4ui
∫
L0
α˜i ∧ ωα
∫
L0
ηyω˜α + . . . . (3.47)
This indicates that the result for fcor cannot be complete. In particular, it is conceivable that a
contribution from the two-forms ωa is missing which arises at higher order in the Kaluza-Klein
reduction. This is similar to what was found in [21, 22] for D7- and D5-branes on the type IIB
side. It would be interesting to complete this computation to higher order and determine the
fully corrected gauge coupling function. For example, one loop corrections for the gauge-coupling
function were calculated for orbifold models in [43].
4 General deformations and the D- and F-term potential
In the previous section we considered D6-branes with a finite number of deformations arising from
the expansion into harmonic forms on the brane world-volume. Using harmonic modes one infers
that the scalar potential (2.44) vanishes. A non-vanishing potential precisely arises for deforma-
tions which violate the supersymmetry conditions that the three-cycle is special Lagrangian. In
this section we include such deformations into the discussion and analyze the N = 1 encoding the
geometry on the infinite field space. We discuss the Ka¨hler potential and show that the scalar po-
tential (2.44) indeed arises from a D-term, induced by a gauging, and a holomorphic superpotential.
In order to do that we will keep the background geometry fixed and only consider the variations of
the brane degrees of freedom.
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4.1 A local Ka¨hler metric for general deformations of L0
In the general reduction performed in section 2.2 we already included a whole tower of normal de-
formations of L0 as well as the whole tower of Kaluza-Klein modes in FD6 parameterizing variations
around a background connection A0. Together, these modes parameterize a neighborhood around
(L0, A0) in an infinite dimensional field-space Vo. We will focus on the neighborhood around a
supersymmetric L0 and mainly be concerned with the local geometrical structure of Vo. In order
to do that we study the tangent space to Vo at the special Lagrangian L0 with connection A0. This
tangent space is identified with
T(L0,A0)Vo ∼= TY |L0 ∼= NL0 ⊕ TL0 . (4.1)
In this we can identify the sI introduced in (2.36) as basis of sections of NL0 and the s˜
m
I =
gmn|L0(αˆI)n as sections of TL0. Note that in defining the tangent vector s˜I we have simply raised
the tangent index m of the one-form αˆI introduced in (2.38) by the inverse of the induced metric
gmn|L0 . This also means that we can identify
T(L0,A0)Vo ∼= Ω1(L0)⊕ Ω1(L0) , (4.2)
which is naturally parameterized by the basis vectors θI and αˆI introduced in (2.36) and (2.38).
Using the first identification in (4.1) the tangent space T(L0,A0)Vo admits a natural symplectic
form
ϕ(X,Y ) =
1
2
e−φ
∫
L0
J(X,Y )|L0 volL0 . (4.3)
for X,Y ∈ TY |L0 . It was shown in [25] that the two-form ϕ on Vo is actually closed. The tangent
space (4.1) also admits a natural complex structure I, which is the induced complex structure from
the Calabi-Yau manifold Y . At L0 the complex structure I identifies TL0 with NL0 such that
complex tangent vectors in T(L0,A0)Vo are given by
∂zI =
1
2 (sI − iIsI) , ∂z¯I¯ = 12(sI + iIsI) . (4.4)
Since this complex structure is formally integrable, the manifold Vo is Ka¨hler, with Ka¨hler form
ϕ(∂zI , ∂z¯J ) =
i
2
e−φ
∫
L0
g(sI , sJ) volL0 = iĜIJ , ϕ(∂zI , ∂zJ ) = ϕ(∂z¯I , ∂z¯J ) = 0 . (4.5)
Here we have used that J(IsI , sJ) = −g(sI , sJ) and the fact that L0 is Lagrangian such that
J(sI , sJ) = −J(IsI , IsJ) = 0 for normal vectors sI to L0. This implies that ĜIJ is a Ka¨hler metric,
which is locally the second derivative of a Ka¨hler potential Ko = Ko(z
I , z¯I). Explicitly this means
that
ĜIJ = ∂zI∂z¯JKo = 12e−φ
∫
L0
θI ∧ ∗θJ , (4.6)
with the forms θI as introduced in (2.36). Note that the real part of the complex coordinates z
I
are the normal vectors ηI . This should be contrasted to the complex coordinates ζ i which were the
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complexifications of the ui as discussed in section 3.2. In the appendix D we further analyze the
symmetries of the symplectic form (4.3). We argue that the first derivatives of the Ka¨hler potential
Ko are encoded by moment maps of these symmetries.
It is interesting to note that there is a natural generalization of the finite-dimensional analysis
of section 3.2 to the infinite dimensional deformation space. The key will be the use of the four-
chain C4 which interpolates between L0 and Lη. Clearly, the natural generalization of the complex
coordinates in (3.23) is
ζI = −i
∫
C4
(Jc −FD6) ∧ βˆI , (4.7)
where βI is the infinite basis of two-forms on L0 which has been trivially extended to the chain C4.
We have also included the field strength FD6 on C4 which is obtained from the gauge connection
AD6 introduced in (3.22). A natural proposal for the Ka¨hler potential Ko is given by
Ko(ζ + ζ¯) = −1
2
∫
C4
J ∧ βˆI
∫
C4
Im(CΩ) ∧ αˆI . (4.8)
This can be checked by performing an η-expansion around the supersymmetric cycle L0. This
yields the leading term
Ko(ζ + ζ¯) = −12
∫
L0
sLyJ ∧ βˆI
∫
L0
sKyIm(CΩ) ∧ αˆI ηLηK + . . . (4.9)
= 14e
−φ
∫
L0
θL ∧ βˆI
∫
L0
∗θK ∧ αˆI ηLηK + . . .
= 12 ĜLK ηLηK + . . .
= 18GLK(ζ + ζ¯)L (ζ + ζ¯)K + . . .
where here we mean by ĜLK ,GLK the leading order metrics independent of η. Here we have used
(2.18) on L0 to rewrite the contraction sKyIm(CΩ) into the Hodge-star on L0. Using (4.9) one
sees that (4.6) is satisfied. Let us stress that in general the evaluation of Ko as a function of
ζI + ζ¯I is non-trivial due to the appearance of the chain C4 in both integrals of (4.8). It would
be very interesting the compute Ko explicitly for specific orientifold examples, generalizing the
superpotential computations of [36, 37, 38, 39].
4.2 The superpotential and D-terms
Having discussed the Ka¨hler potential determining the kinetic terms, we will now examine the
scalar potential in more detail. More precisely, we will work in a fixed background geometry by
fixing Ka¨hler and complex structure deformations and focus on the leading scalar potential VDBI
given in (2.44). We will show that VDBI splits into an F-term and a D-term piece as
VDBI = VF + VD , (4.10)
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with
VD =
e3φ
V2
∫
L0
d∗θη ∧ ∗d∗θη (4.11)
and
VF =
e3φ
V2
∫
L0
dθη ∧ ∗dθη + (F˜ −B2 − dθBη ) ∧ ∗(F˜ −B2 − dθBη ) . (4.12)
We will show momentarily that VF = e
KGIJ∂ζIW∂ζJW can be obtained from a superpotential W
and the metric determined from Ko using only the open string degrees of freedom.
To specify W we aim to define a functional which picks out deformations η such that Lη is a
Lagrangian submanifold J |Lη = 0. In section 2.4 we defined a chain C4 with boundaries Lη and L0.
Recall also that we extended the gauge field AD6 from L0 to C4 as in (3.22), such that the extension
FD6 = dAD6 satisfies
FD6|L0 = fD6 , FD6|Lη = fD6 + aIdαˆI . (4.13)
In the following we will again set again the D-brane flux fD6 to zero. One next identifies the
superpotential functional
W =
∫
C4
(Jc −FD6) ∧ (Jc −FD6) (4.14)
depending on the open string data as well as the complexified Ka¨hler form (2.6). This is an
extension of the functional introduced in ref. [34], since we have included the B-field through the
complex two-form Jc. Note that a superpotential of this form has been already discussed in [44, 45].
Let us briefly study the holomorphicity properties ofW . Clearly, W is holomorphic with respect
to variations of the complexified Ka¨hler form Jc parameterized by the scalars t
a in (2.6). However,
note that one first has to expressW as a function of the open fields ζI = uIc+ia
I introduced in (4.7).
To check that W it is a holomorphic section in the ζI we show that ∂ζ¯IW = (∂uIc + i∂aI )W = 0.
The derivative with respect to Wilson lines is
∂aIW = 2
∫
Lη
(Jc −FD6) ∧ αˆI = 2
∫
L0
(Jc −FD6) ∧ αˆI + 2
∫
L0
d(ηyJc − aJ αˆJ) ∧ αˆI + . . . (4.15)
To evaluate the derivative with respect to uIc we expand the chain integral around the special
Lagrangian cycle L0 in terms of the deformations
W = 2
∫
L0
ηyJc ∧ (Jc − F˜ ) +
∫
L0
ηyJc ∧ LηJc + ... (4.16)
= 2
∫
L0
(ηyJc) ∧ (Jc −FD6) +
∫
L0
ηyJc ∧ d(ηyJc + 2 aI αˆI) + ...
Recalling ηyJc = θ
B
η + iθη = iu
I
c αˆI + ... one sees that by comparing (4.15) with ∂uIcW obtained
from (4.16) that the superpotential is holomorphic in ζI = uIc + ia
I .
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It is now straightforward to determine the F-term potential using the expression (4.16). The
real part of the derivative of (4.16) is given by
Re ∂ζIW = 2
∫
L0
dθη ∧ αˆI . (4.17)
Note that dθη is a 2-form in L0 and therefore can be expanded in the infinite basis ∗αˆI as dθη = cI∗αˆI
The coefficients cI can be obtained by taking on both sides the wedge product with αJ and integrate
on L0. Inverting this relation for c
I and taking the Hodge star one finds
∗ dθη = 12e−φαˆI GIJ
∫
L0
αˆJ ∧ dθη . (4.18)
We proceed analogously with the imaginary part Im ∂ζIW obtained from (4.16) and expand the
two-form (B − F˜ + dθBη ) in the ∗αˆI basis. The F-term potential is thus given by
VF = e
KGIJ∂ζIW∂ζJW
=
e2D
2V
∫
L0
dθη ∧ αˆI GIJ
∫
L0
αˆJ ∧ dθη
+
e2D
2V
∫
L0
(B − F˜ + dθBη ) ∧ αˆI GIJ
∫
L0
αˆJ ∧ (B − F˜ + dθBη )
=
1
V2 e
3φ
∫
L0
dθη ∧ ∗dθη + (B − F˜ + dθBη ) ∧ ∗(B − F˜ + dθBη ) (4.19)
which agrees with the result (4.12) obtained from dimensional reduction, and reduces to the result
of McLean [18] in the limit of vanishing B field. As expected, the condition for vanishing of the
potential and therefore to preserve supersymmetry is the closedness of θη and θ
B
η , as well as the
condition (B − F˜ )|L0 = 0.
Finally, we also compute the D-term potential in (4.11) induced by the gaugings of the scalars
aˆI in (2.41) and (ξk, ξ˜λ) in (2.66). More precisely, these scalars are charged under the gauge
transformations AI → AI + dΛI of the U(1) vectors AI as
aˆI → aˆI − ΛI , (ξk, ξ˜λ)→ (ξk − δkIΛI , ξ˜λ − δλIΛI) (4.20)
The potential arising from D-terms can be calculated by
VD =
1
2Ref
ABDADB , ∂ADI = KAB¯X
B
I , (4.21)
where XBI are the Killing symmetries appearing in the covariant derivative Dξ
k = dξk + XkIA
I .
Explicitly they take the form
XkI =
∫
L0
hIβ
k +
∫
C4
dhI ∧ βk , XIλ =
∫
L0
hIαλ +
∫
C4
dhI ∧ αλ . (4.22)
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The leading inverse gauge coupling function is simply
(Ref−1r )
IJ =
(∫
L0
hIhJ2Re(CΩ)
)−1
. (4.23)
Integrating (4.21) we obtain the D-terms
DI = −2e2D
(∫
L0
hI ImCΩ+
∫
C4
dhI ∧ ImCΩ
)
. (4.24)
We can expand the chain along an infinite set of brane deformations and obtain
DI = −2e2D
∫
L0
hIImCΩ− 2e2D
∫
L0
hId(ηyImCΩ) + . . . , (4.25)
where we have used that the functions hI are translated constantly along the chain. Now we repeat
a similar calculation as for the F-term, by expanding the three forms into ∗hI and noticing that on
the L0 cycle
∫
hJ ∗ hI = eφ
∫
hJhI2Re(CΩ) = e
φRefrIJ . The potential is then,
VD =
e3φ
V2
∫
L0
4 ImCΩ ∧ ∗ImCΩ+ 4 ImCΩ ∧ ∗d ∗ θ + d ∗ θ ∧ ∗d ∗ θ . (4.26)
From the condition ImCΩ|L0 = 0 only the last term survives, yielding the remaining term ob-
tained from dimensional reduction. The vanishing of the D-term potential, which is necessary in a
supersymmetric vacuum, happens when the two-form ∗θη is closed.
5 Mirror Symmetry with D-branes
In this final section we relate the Type IIA N = 1 characteristic data found in the previous sections
with the data for Type IIB orientifolds with space-time filling D3-, D5- and D7-branes. In order to
do that, we first review some basics of Type IIB orientifolds following [11]. To define the orientifold
set-up starting with Type IIB string theory compactified on a Calabi-Yau manifold Y˜ , one acts
with a discrete involutive symmetry O containing worldsheet parity Ωp. In Type IIB one still is
left with two options of constructing such an involution. These correspond to the situations with
O3/O7 or O5/O9 orientifold planes:
O1 = ΩpσB(−)FL , σ∗BΩ = −Ω , O3/O7 ,
O2 = ΩpσB , σ∗BΩ = Ω , O5/O9 .
(5.1)
Here σB is a holomorphic (instead of antiholomorphic, as in the Type IIA case) involutive symmetry
σ2B = 1 of the Calabi-Yau target space, and FL is the space-time fermion number in the left-moving
sector. The subspace of fields which are invariant under the orientifold projection has to satisfy
σ∗Bφ = φ ,
σ∗Bg = g ,
σ∗BB2 = −B2 ,
O3/O7
σ∗BC0 = C0 ,
σ∗BC2 = −C2 ,
σ∗B C4 = C4 ,
O5/O9
σ∗BC0 = −C0 ,
σ∗BC2 = C2 ,
σ∗BC4 = −C4 ,
(5.2)
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where the first column is identical for both involutions σB in (5.1). The involution allows us to
separate the cohomologies into even and odd eigenspaces H(p,q) = H
(p,q)
+ ⊕H(p,q)− .
Let us focus on the closed string sector for the moment. Locally the truncated moduli space of
Type IIB orientifolds can then be written as a direct product
MKB ×MQB . (5.3)
Here MQB is a Ka¨hler manifold and spanned by the dilaton, the Ka¨hler structure deformations,
the NS-NS B-field and the R-R scalars. MKB is a special Ka¨hler manifold spanned by the complex
structure deformations of Y˜ respecting the constraints (5.1). In contrast, recall that in Type IIA
MQA is spanned by the dilaton, the complex structure deformations and the R-R scalars, while
MKA is spanned by the Ka¨hler deformations and the NS-NS B-field. The Type IIB effective theory
also contains h
(2,1)
+ (h
(2,1)
− ) vector multiplets for orientifolds with O3/O7(O5/O9) planes, whereas
in Type IIA one as h
(1,1)
+ vector multiplets. The number of multiplets from the closed string sector
is shown in Table 5.1.
multiplets IIAY O6 IIBY˜ O3/O7 IIBY˜ O5/O9
vector multiplets h
(1,1)
+ h
(2,1)
+ h
(2,1)
−
chiral multiplets in MK h(1,1)− h(2,1)− h(2,1)+
chiral multiplets in MQ h(2,1) + 1 h(1,1) + 1 h(1,1) + 1
Table 5.1: Number of N = 1 multiplets of orientifold compactifications.
Applying mirror symmetry to this N = 1 set-up one expects that the MQB space of type IIB
should be identified with the MQA moduli space of the mirror IIA, and similarly MKB with MKA.
Requiring Y˜ to be the mirror manifold of Y , the mirror map between the moduli spaces implies
that for the different orientifold setups
O3/O7 : h
(1,1)
− (Y ) = h
(2,1)
− (Y˜ ) , h
(1,1)
+ (Y ) = h
(2,1)
+ (Y˜ ) ,
O5/O9 : h
(1,1)
− (Y ) = h
(2,1)
+ (Y˜ ) , h
(1,1)
+ (Y ) = h
(2,1)
− (Y˜ ) , (5.4)
as well as h(2,1)(Y ) = h(1,1)(Y˜ ) for both set-ups. The mirror mapping for closed moduli is discussed
in more detail in [11], and will be briefly recalled below.
In the following we want to extend the mirror identification to include the leading corrections
due to the space-time filling D-branes. As we have seen, at leading order the moduli space MKA
remains unchanged after the inclusion of open string moduli. This is also true for MKB on the
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Type IIB side. In section 3 we have shown that the open string moduli space of the D6-branes is
fibered over the closed string moduli space MQA. The mirror equivalent of this statement has been
established in [19, 21, 22] forMQB and the moduli space of D3-, D5- or D7-branes. In the reminder
of this section we will therefore focus on the discussion of the MQ and establish the mirror map
including the open degrees of freedom.
5.1 Mirror of O3/O7 orientifolds
The moduli space MQ is obtained from the four-dimensional scalar parts of the fields J,B2, C2,
C4. To make this more precise, we expand
B2 = b
k ωk , C2 = c
k ωk , k = 1, . . . , h
(1,1)
− (Y˜ ) , (5.5)
J = vλ ωλ , C4 = ρλ ω˜
λ , λ = 1, . . . , h
(1,1)
+ (Y˜ ) .
The complex coordinates and the Ka¨hler potential which encode the local geometry ofMQB are [17]
τ = C0 + ie
−φB , Gk = ck − τbk , (5.6)
T ′Bλ = e
−φB 1
2Kλρσvρvσ + iρλ − i12KλklbkGl ,
and
K(τ,Gk, T ′Bλ ) = −2 ln
[
e−2φB
∫
Y˜
J ∧ J ∧ J
]
= ln(e4DB ) . (5.7)
Here DB is the redefined four-dimensional dilaton. The Ka¨hler potential has to be evaluated as
a function of the moduli τ,Gk, T ′Bλ by solving (5.6) for v
a, φB and inserting the result into (5.7).
The coefficients Kλbc are the intersection numbers of the basis ωλ of H1,1+ (Y˜ ) and ωa of H1,1− (Y˜ ),
Kλbc =
∫
ωλ ∧ ωb ∧ ωc. Note that the above scalar fields can be also obtained from the expansion
− ReΦev + i
∑
n
e−B ∧C2n = iτ + iGkωk + T ′Bλ ω˜λ , (5.8)
which has to be evaluated by matching the parts of different form degrees on both sides. Here we
have introduced the even form
Φev = e−φBe−B2+iJ (5.9)
following the notation of [13].
Let us now recall the mirror map to the Type IIA coordinates without inclusion of the open
string degrees of freedom. The N = 1 coordinates (N ′k, T ′λ) have been introduced in (2.8). Note
that on a Calabi-Yau manifold we can use the rescaling invariance of Ω to fix one of the XI to
be constant. At large complex structure there is a special real symplectic basis of H3(Y ) which
is distinguished by the logarithmic behavior of the solutions in the complex structure moduli of
Y . In particular, this fixes a pair (α0, β
0), by demanding that X0, the fundamental period, has no
logarithmic singularity. One can use the rescaling of Ω to set the α0 period to a constant. Note that
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in the orientifold background H3(Y ) splits into H3− and H
3
+. The component chosen to eliminate
the rescaling property of Ω can be either in the positive or negative eigenspace of the orientifold
projection. We will see momentarily these choices will correspond to different orientifold set-ups
on the Type IIB side.
For the O3/O7 case we fix the component X0α0 in H
3
+(Y ). We define then the special coordi-
nates q and the scaling parameter gA as
qk =
ReCXk
ReCX0
, qλ =
ImCXλ
ReCX0
, g−1A = 2ReCX
0 . (5.10)
Recall that in the underlying N = 2 theory, the periods of Ω are determined by a holomorphic
pre-potential F(X). Due to the homogeneity property of F we can define a rescaled function f as
F(2CX) = i(2ReCX0)2f(qk, qλ) (5.11)
such that CΩ can be written as
2CΩ = g−1A
[
1α0 + q
kαk + iq
λαλ − fλβλ − i(2f − qkfk − qλfλ)β0 − ifkβk
]
, (5.12)
where (fλ, fk) are the derivatives of f with respect to (q
k, qλ). The coordinates (N ′k, T ′λ) become
in terms of these special coordinates
N ′0 = g−1A + iξ
0 N ′k = g−1A q
k + iξk T ′Aλ = g
−1
A fλ + iξ˜λ . (5.13)
In order to provide complete match with the Type IIB side we need an explicit expression for
fλ at the large complex structure limit of the Calabi-Yau manifold Y . The results will then be
identified with the large volume results of Type IIB. In this limit the N = 2 pre-potential is given
by
F(X) = 1
6
κIJK
XIXJXK
X0
. (5.14)
Therefore, inserting the orientifold constraints and switching to special coordinates we find
f(q) = −16κλµρqλqµqρ + 12κλklqλqkql , (5.15)
such that one can readily evaluate the T ′Aλ using (5.13). Now it is straightforward to relate the
Type IIA coordinates with the ones from the Type IIB side
(−iτ,−iGk)↔ (N ′0, N ′k) and − T ′Bλ ↔ T ′Aλ , (5.16)
with the matching of the cohomologies for the pair of mirror Calabi-Yau manifolds given in Table
5.2. In terms of the string moduli, the above relations translate into
g−1A = e
−φB , qk = −bk , qλ = vλ , (5.17)
ξ0 = −C0 , ξk = −ck + C0bk , ξ˜λ = −ρλ + 1
2
Kλklckbl − 1
2
C0Kλklbkbl .
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H3(Y ) Heven(Y˜ )
α0 ∈ H3+(Y ) 1
αk ∈ H3+(Y ) ωk ∈ H2−(Y˜ )
αλ ∈ H3−(Y ) ωλ ∈ H2+(Y˜ )
βk ∈ H3−(Y ) ω˜k ∈ H4−(Y˜ )
βλ ∈ H3+(Y ) ω˜λ ∈ H4+(Y˜ )
β0 ∈ H3−(Y ) V−1volY˜
Table 5.2: The mirror mapping from the basis of H3(Y ) to the basis of even cohomologies of the
mirror Calabi-Yau Y˜ in O3/O7 orientifold setups.
Inclusion of D3 brane moduli
In the discussion of mirror symmetry with D-branes we first consider the setup with spacetime
filling D3 branes. The N = 1 characteristic data were analyzed in [19]. The brane is a point
in the internal space Y˜ , such that the brane deformations η are described by six scalar fields φI
corresponding to the possible movements in Y˜ . These fields naturally combine into complex fields
φi, φ¯ with i, ¯ = 1, 2, 3 if one uses the inherited complex structure of the Calabi-Yau manifold.
Clearly, there are no Wilson line moduli for D3-branes since there is no internal one-cycle on the
brane. It turns out that, up to second order in the fields, only the coordinates T ′Bλ are corrected
by the open moduli [19]
ReTBλ = ReT
′B
λ + i(ωλ)i¯(φ0)φ
iφ¯ , (5.18)
where the two-form (ωλ)i¯ has to be evaluated at the point φ0 around which the D3-brane fluctuates.
More generally, it was argued in ref. [46] that the D3-brane correction to Tα can be expressed
through the Ka¨hler potential KY˜ for the Calabi-Yau metric as
ReTBλ = ReT
′B
λ − ∂vλKY˜ (φ0 + φ) , (5.19)
where vλ are the Ka¨hler moduli introduced in (5.5). To obtain (5.18) one expands KY˜ around the
point φ0 as
KY˜ (φ0 + φ) = K
0
Y˜
+ 2Re
[
(KY˜ )
0
iφ
i
]
+Re
[
(KY˜ )
0
ijφ
iφj] + (KY˜ )
0
i¯φ
iφ¯j + . . . , (5.20)
where K0
Y˜
, and (KY˜ )
0
i , (KY˜ )
0
ij , (KY˜ )
0
i¯ are the Ka¨hler potential and its φ
i-derivatives evaluated
at φ0. Since the coefficients are constant, the first three terms in (5.20) can be absorbed by a
holomorphic redefinition into a new TBλ . Clearly, this does not change the complex structure on
the N = 1 moduli space. Using (KY˜ )0i¯ = −iJ0i¯ = −ivλ(ωλ)i¯(φ0) one then recovers (5.18).
Let us now turn to the discussion of mirror symmetry. We aim to match the corrected coordi-
nates TBλ as well as the un-corrected G
k and τ with the Type IIA side. This implies that we must
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have up to quadratic order in the brane moduli that
− 2∂V λ(e2DAKo) = ∂vλKY˜ (φ0 + φ) ∼= −i(ωλ)ij¯φiφj¯ (5.21)
∂V0(e
2DAKo) = ∂Vk(e
2DAKo) = 0 ,
where the ∼= indicates that one has to apply the transformation which identifies (5.19) and (5.18).
Using the fact that V λ = −e2DBe−φBvλ, as inferred from (5.12), the identification (5.21) implies
Ko(φ, φ¯) =
1
2e
−φBKY˜ . (5.22)
The number of open moduli must coincide, so the number of brane deformations on the Type IIB
must equal the number of brane and Wilson line moduli on the Type IIA side. Since this number
is given by the number of non-trivial one-cycles in L0, we must have b
1(L0) = 3. However, recall
that the open moduli space in Type IIA has shift symmetries, Imζ i → Imζ i + ci, for constants ci.
These are not manifested in the Type IIB side for a general KY˜ , since the Calabi-Yau metric has
no continuous symmetries. As we recall below, this can be attributed to the fact that instanton
contributions break these symmetries and are not included in this leading order identification.
Before commenting on the corrections to the mirror construction let us make contact to the
chain integral form of the Ka¨hler potential as given in (4.8). For a D3-brane we simply have to
introduce a one-chain C1 which starts at φ0 and ends at the point in Y˜ to which the D3-brane has
moved. We also introduce a basis of complex normal vectors si to the point φ0 and dual (1, 0)-forms
sj(1) such that
siys
j
(1) = δ
j
i . (5.23)
Note that the index i, j are counting here the number of such normal vectors. In case we only
include the massless modes, one has i, j = 1, . . . , 3. The complex structure of si and s
i
(1) is induced
by the complex structure of Y˜ , and hence depends on the complex structure moduli. In fact one can
use the no-where vanishing (3, 0)-form Ω on Y˜ and introduce a bi-vector sj such that sj(1) = s¯
j
yΩ.
To propose a form for Ko one trivially extended si, s¯
i to the chain C1 and writes
Ko =
i
4e
−φB
∫
C1
siyJ
∫
C1
s¯iyΩ + c.c. . (5.24)
This form of Ko is very suggestive and yields upon expanding the chain integral the desired leading
order expression (5.18). Moreover, we will see in the following that a generalization of this Ko also
arises for D7-brane, and one can generally write in O3/O7 orientifolds for the deformations of a
D(p+ 3)-brane
Kdefo =
i
4
∫
Cp+1
sIyImΦ
ev
∫
Cp+1
s¯I · Ω+ c.c. . (5.25)
where Φev has been introduced in (5.9), and Cp+1 is a (p+1)-chain which ends on the internal parts
of the D-branes and its reference cycle. Moreover, sI is an appropriate basis of complex normal
vectors and sJ are their duals as we discuss below.
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Before giving a more careful treatment of the other D-brane configurations let us first comment
on a more intuitive understanding of mirror symmetry which we will apply below. It was argued by
Strominger, Yau and Zaslow [27] that the Calabi-Yau manifold Y˜ can be viewed as a three-torus
fibration with singular fibers. This manifold can be endowed with a semi-flat metric. In a local
patch avoiding possible singular points the metric of the Calabi-Yau manifold can be written as
ds2 = gab(u˜)du˜
adu˜b + 2gia(u˜)da˜
idu˜a + gij(u˜)da˜
ida˜j , i, a = 1, 2, 3 , (5.26)
where a˜i are the coordinates on the T 3 fiber and u˜a of the base. Since the coefficient functions
in (5.26) are independent of a˜i the shift symmetry is now manifest. In fact, introducing complex
coordinates as in the Type IIA setting a Ka¨hler metric in (5.26) can be obtained from a Ka¨hler
potential KY˜ (u˜) which is independent of a
i. The argument for the existence of such a T 3-fibration
with a metric of the form (5.26) away from singularities proceeds precisely via mirror symmetry of
a pointlike D-brane on Y˜ which is mapped to a D-brane which wraps a three-torus [27]. Having
found a T 3-fibration in the Type IIB set-up one can equally use T-duality along all T 3-directions
to analyze the setting. Since T-duality exchanges Neumann and Dirichlet boundary conditions, it
exchanges the dimensionality of the brane for each wrapped cycle that is T-dualized. Starting with
a D3-brane on such a fibered Calabi-Yau manifold, T-duality on the fiber will turn the brane into
a D6-brane wrapping the T 3-fiber. The D6-brane then has b1(L0) = 3 deformation moduli in the
direction of the base, and there are also b1(L0) = 3 Wilson line moduli will be along the torus.
In the following it will be more important that we can use the SYZ-picture also for D7- and
D5-branes present in a Type IIB reduction. Clearly, both types of branes will map to D6-branes
under mirror symmetry. Away from the singular fibers one can obtain a clearer picture of the
wrappings of the D6-branes as indicated in Table 5.3.
D6 D3 D6 D7 D6 D5
× × ×
T3 × × ×
× × ×
Base × ×
× × × ×
Table 5.3: It is summarized how mirror symmetry acts on different brane configurations. The
table shows the six dimensions of the Calabi-Yau manifold, split into base and fiber. × indicate
the directions wrapped by each brane. Mirror symmetry acts as T-duality on all directions of the
T 3-fiber. It exchanges Dirichlet and Neumann boundary conditions, while it does not act on the
base. Different wrappings of a D6-brane correspond to different branes in the Type IIB side.
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Inclusion of D7 brane moduli
Let us now discuss mirror symmetry for the D7-brane case. The effective action for a pair of
moving D7-branes was computed in [21]. In this setup, the brane wraps a four-cycle S(1) while its
orientifold image wraps a non-intersecting S(2). One can view the whole configuration as a single
D7-brane wrapping a divisor S+ = S
(1) + S(2). Brane deformations and Wilson line moduli can be
expanded in terms of
χ = χAsA + χ¯
A¯s¯A¯, A = 1, . . . , h
(2,0)
− (S+) , (5.27)
a = aIγI + a¯
I¯ γ¯I¯ I = 1, . . . , h
(0,1)
− (S+) ,
where sA and γI are complex normal vectors to S
(1) and (0, 1)-forms on S(1), respectively. The
complex type of sA and γI is induced by the complex structure of Y˜ . Moreover, one can use the
holomorphic (3, 0)-form Ω on Y˜ to map the sA to (2, 0)-forms SA = sAyΩ on S(1). The four-
dimensional fields are thus the h
(2,0)
− + h
(1,0)
− complex scalars χ
A and aI , respectively.
Including the open string degrees of freedom, the chiral coordinates (τ,Ga, T
′B
λ ) are shifted to
[21]
S = τ + LAB¯χAχ¯B¯ , Gk = ck − τbk , (5.28)
TBλ =
1
2e
−φBKλρσvρvσ + iρλ − i12KλklbkGl + iCλIJ¯aI a¯J¯ .
The coupling functions LAB¯ and Cλ IJ¯ for the basis of brane deformations and Wilson line moduli
on the four-cycle are given by
LAB¯ =
∫
S+
SA ∧ S¯B∫
Y˜ Ω ∧ Ω¯
, Cλ IJ¯ =
∫
S+
ωλ ∧ γI ∧ γ¯J¯ . (5.29)
Since the closed moduli are the same, we proceed in the same way as we did for the closed and
the D3-brane cases, identifying the coordinates as (5.16). Analogously to the D3-brane case, we
expand up to second order in the open moduli and match both theories by
∂V λ(e
2DAGij)u
iuj ∼= iCλIJ¯aI a¯J¯ , ∂V0(e2DAGij)uiuj ∼= iLAB¯χAχ¯B¯ , ∂Vk(e2DAGij)uiuj ∼= 0 ,
(5.30)
where we have indicated that as in the D3-brane case one will need to make the shift symmetry
manifest before finding complete match. Crucially one has to split the Type IIA coordinates into
two sets ζI and ζA and identify
ζI ∼= aI , ζA ∼= χA . (5.31)
One notes that Wilson line moduli and brane deformations do not mix on the Type IIB side which
seems to be in contrast to the general form on the Type IIA side. We will argue later how this
splitting can be understood from the SYZ-picture of mirror symmetry.
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As already suggested in (5.25) one expects that the open corrections to the N = 1 coordinates
can again be given in terms of chain integrals. Let us first give the expression for Ko which encodes
upon differentiation with respect to V λ, V0, Vk the the corrections in Tλ, N
0, Nk. Explicitly, we
propose
Ko =
i
4
∫
C5
sAyImΦ
ev
∫
C5
s¯A ∧ Ω+ i4
∫
C5
FD7 ∧ γI ∧ ImΦev
∫
C5
FD7 ∧ γ¯I + c.c. , (5.32)
where Φev is given in (5.9). Here we have used a five-chain C5 ending on the D7-brane and a reference
four-cycles S0+. Note that similar to the D6-brane case we have to introduce a dual basis sA and
sA. To do that we use the fact that no-where vanishing (3, 0)-form Ω provides an identification
Ω : NS+ → TS∗+ ∧ TS∗+ , (5.33)
of normal vectors with two-forms of S+. Hence, in the Type IIB setting we adopt this basis to
the complex structure by demanding that sA is a complex normal vector in H
0
+(NS+) and s
A is
a (2, 0)-form in H
(2,0)
− (S+) on S
0
+. Similarly, γI is a (0, 1)-form as introduced above and γ
J is a
(1, 2)-form in H
(1,2)
− (S
0
+). These forms are defined to be dual and hence satisfy∫
S0+
s¯A ∧ (sByΩ) = δAB ,
∫
S0+
γI ∧ γ¯J = δJI . (5.34)
As in the D6-brane case we have to extend these forms to the chain. It is interesting to note that the
expression (5.32) indeed reproduces the leading order corrections after differentiating with respect
to V λ, V0, Vk.
5.2 Mirror symmetry for O5-orientifolds and D5-branes
Let us now discuss the second Type IIB set-up which is obtained by an involution with O5-planes
as fix-point set. The bulk N = 1 coordinates of the moduli spaceMQ are given as functions of the
zero-modes in the expansion
J = vk ωk , C2 = C˜2 + c
k ωk , k = 1, . . . , h
(1,1)
+ (Y˜ ) , (5.35)
B2 = b
λ ωλ , C4 = ρλ ω˜
λ , λ = 1, . . . , h
(1,1)
− (Y˜ ) .
Note the difference that we have used forms of different σ-parity in the expansion for the R-R-fields,
C2 and C4 as required for the second orientifold projection in (5.2). While C0 has been projected
out C2 now contains a four-dimensional two-form C˜2(x) which together with the dilaton φB form
the bosonic content of a linear multiplet. However, C˜2 can be dualized to a scalar field h and form
with φB a chiral multiplet. The N = 1 coordinates which spanMQ are thus the h(1,1)+1 complex
fields
t′k = e−φBvk − ick , Pλ = Kλρkbρtk + iρλ , (5.36)
S = e−φBV + ih− i2ρλbλ − 12Pλbλ,
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Formally the Ka¨hler potential is the same as in the O3/O7-case given in (5.7). However, it now has
to be evaluated as a function of the coordinates t′k, Pλ and S by using there explicit form (5.36).
Similar to (5.8) we can write
− ImΦev + i
∑
n
eB2 ∧ C2n = −t′kωk + Pλω˜λ + SvolY˜ . (5.37)
Let us turn to the discussion of the mirror Type IIA side to this construction. As explained above
the second set-up with O5-planes is obtained by choosing the three-form α0 for the fundamental
period X0 to lie in the negative eigenspace H3−(Y˜ ). Again we will perform a rescaling of Ω setting
the coefficient of α0 to be constant. The special coordinates are then given by
g−1A = 2ImCX
0 , qk =
ReCXk
ImCX0
, qλ =
ImCXλ
ImCX0
. (5.38)
Now the rescaled prepotential f is given by F(2CX) = −i(2ImCX0)2f(qk, qλ). This allows us to
rewrite CΩ in the rescaled coordinates as
2CΩ = g−1A
[
qkαk + iα0 + iq
λαλ + fλβ
λ − (−2f + qkfk + qλfλ)β0 + ifkβk
]
. (5.39)
Moreover, we can use the special coordinates to write (N ′k, T ′Aλ , T
′A
0 ) as
N ′k = g−1A q
k + iξk T ′A0 = g
−1
A (−2f + qλfλ + qkfk) + iξ˜0 T ′Aλ = −g−1A fλ + iξ˜λ . (5.40)
With f in the large complex structure limit
f(q) = 16κklmq
kqlqm − 12κlµρqlqµqρ . (5.41)
this allows us to write
T ′A0 = g
−1
A
(
1
6κklmq
kqlqm − 12κµλkqµqλqk
)
+ iξ˜0 , T
′A
λ = g
−1
A κλµkq
µqk + iξ˜λ . (5.42)
The mirror mapping is then realized by
t′k ↔ N ′k and (S,Pλ)↔ (T ′A0 , T ′Aλ ) . (5.43)
In terms of the Kaluza-Klein modes this amounts to the identification of the closed moduli
g−1A = e
−φB , qk = vk , qλ = bλ , (5.44)
ξ˜0 = h− ρλbλ + 12Klλκclbλbκ , ξk = −ck , ξ˜λ = ρλ −Kλκlclbκ .
The identification of the basis elements on the Type IIA and Type IIB side is given in Table 5.4.
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H3(Y ) Heven(Y˜ )
α0 ∈ H3−(Y ) 1
αk ∈ H3+(Y ) ωk ∈ H2+(Y˜ )
αλ ∈ H3−(Y ) ωλ ∈ H2−(Y˜ )
βk ∈ H3−(Y ) ω˜k ∈ H4+(Y˜ )
βλ ∈ H3+(Y ) ω˜λ ∈ H4−(Y˜ )
β0 ∈ H3+(Y ) V−1volY˜
Table 5.4: The mirror mapping from the basis of H3(Y ) to the basis of even cohomologies of the
mirror Calabi-Yau Y˜ in O5/O9 orientifold setups.
Inclusion of D5 brane moduli
We now consider a pair of D5-branes on curves Σ(1) and Σ(2) which are interchanged under the
orientifold involution. We call the positive union of Σ(1) and Σ(2) by Σ+ = Σ
(1) + Σ(2) Again
we view this as a single D5-brane on the quotient space. The open moduli for a single D5-brane,
corresponding to complex brane deformations χA, A = 1, . . . dimH0−(NΣ+) and Wilson line moduli
aI , I = 1, . . . , h
(0,1)
− (Σ+), correct the N = 1 coordinates according to [22]
tk = t′k + LkAB¯χAχ¯B¯ ,
Pλ = Kλρkbρt′k + iρλ , (5.45)
S = e−φBV + ih− i2ρλbλ − 12Pλbλ + CIJ¯aI a¯J¯ .
Here we have introduce the couplings
LkAB¯ = −i
∫
Σ+
sAys¯Byω˜
k , CIJ¯ = i
∫
Σ+
γI ∧ γ¯J¯ (5.46)
The Ka¨hler potential now has to be evaluated as a function of tk, Pλ, S as well as the open coordi-
nates χA and aI .
In order to discuss mirror symmetry to the D6-brane set-up we again compare the form of the
N = 1 coordinates. Expanding to second order in the open corrections we find
− ∂Vk(e2DAGij)uiuj ∼= LkAB¯χAχ¯B¯, −∂V0(e2DAGij)uiuj ∼= CIJ¯aI a¯J¯ , −∂V λ(e2DAGij)uiuj ∼= 0 .
(5.47)
More interestingly, we can also directly compare the open Ka¨hler potential Ko. To do that, we give
a chain integral expression for the D5-brane case. We introduce a the three-chain C3 ending on a
reference cycle Σ0+ and the two-cycle to which the brane has moved. The open Ka¨hler potential
then takes the form
Ko = − i4
∫
C3
sAyReΦ
ev
∫
C3
s¯A · Ω− i4
∫
C3
FD5 ∧ γI ∧ ReΦev
∫
C3
FD5 ∧ γ¯I + c.c. , (5.48)
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where Φev is given in (5.9). Note that this expression has a similar structure as (5.32). However,
due to the lower dimensionality of the chain the four-form part of ReΦev is picked up in the first
term of (5.48), while the zero-form part of ReΦev contributes in the second term of (5.48). In the
case of a D5-brane the (3, 0)-form Ω on Y˜ provides a map
Ω : NΣ+ ⊗NΣ+ → TΣ∗+ , (5.49)
taking two normal vectors to a one-form on Σ+. This allows us to introduce a basis s
A of H0(TΣ0+⊗
NΣ
0
+) which is dual to the normal vectors sA. Hence, the · in (5.48) indicates that the vector part
of sA is inserted, while the form part of sA is wedged with Ω. We also introduce complex one-forms
γJ on Σ0+ which are dual to the (0, 1)-forms γI used in the expansion determining the complex
Wilson line scalars aI . Explicitly, the sA, γI have to satisfy on the reference Σ0+ that∫
Σ0+
sAys¯
B · Ω = δBA ,
∫
Σ0+
γI ∧ γ¯J = δJI , (5.50)
As in the D6-brane case the basis forms and vectors have to be extended trivially to the chain C3
to evaluate the open Ka¨hler potential (5.48). One can now check that the expansion (5.48) leads
upon differentiation with respect to Vk, V
0, V λ the leading order corrections in (5.45).
5.3 General remarks on the structure of the couplings
In this subsection we address the question if there is a simple way to understand the mappings of
(5.47), (5.21) and (5.30) using the SYZ-picture of mirror symmetry. For example for D5-branes the
(∂Vk(e
2DAGij), ∂V0(e
2DAGij)) correct the coordinates t
k and S by brane deformations and Wilson
line moduli as demanded by the mirror identification (5.47). In contrast, the coordinates Pλ do not
receive any contributions from open moduli and hence ∂V λ(e
2DAGij) has to vanish in the D6-brane
set-up mirror dual to a D5-brane. To analyze this question in the SYZ-picture, first let us look at
the gauge coupling functions. In the limit of vanishing open string moduli they are given by the
analogous to the D6-brane gauge coupling function fD6 = N
k
∫
L αk − Tλ
∫
L β
λ,
fD3 = τ , fD5 = t
Σ
∫
Σ+
ωΣ , fD7 = TS
∫
S+
ω˜S , (5.51)
where Σ+(S+) is the curve(divisor) wrapped by the D5(D7)-brane, and they are obtained from a
basis of homology by
[Σ+] = n
k [Σk] , Σk ∈ H+2 (Y ) and (5.52)
[S+] = nλ[S
λ] , Sλ ∈ H+4 (Y ) .
Therefore the forms appearing in (5.51) are, in terms of the cohomology basis, ωΣ = n
kωk and
ω˜S = nλω˜
λ.
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From the four internal dimensions the D7-brane wraps, locally two of them are along the T 3-
fiber and the other two on the base, as seen from table 5.3. The mirror D6-brane, on the other
hand, wraps one dimension on T 3-fiber and two dimensions on the base. It is also inferred from
the gauge coupling function of the D7-brane (5.51) that ω˜λ sits on the brane, therefore having two
“legs” on the 3-Torus and two on the base. We define thus the notation ω˜λ : (bbtt), where b and t
correspond to base and torus components. Table 5.2 shows that ω˜λ on the Type IIB side is mapped
on the Type IIA side to βλ. Therefore, from table 5.3, since βλ must sit on the mirror D6-brane, it
should satisfy βλ : (bbt). βλ must be dual to αλ on the Calabi-Yau manifold Y, thus αλ : (btt). A
similar analysis can be done for the D5 and D3-Branes, from where we obtain αk : (btt), β
k : (bbt),
β0 : (bbb) and α0 : (ttt).
One can now analyze the open moduli corrections to the N = 1 chiral coordinates from the
metric derivatives ∂V0 Ĝij , ∂Vk Ĝij and ∂V λ Ĝij . As a simple example we consider the D3-brane case.
We can rewrite the corrections in terms of the normal deformations ηi
Re(N ′0 −N0) = ∂V0(e2DA Ĝij)ηiηj =
1
2
∫
L0
αˆk ∧ ηyβ0
∫
L0
βˆk ∧ ηyJ . (5.53)
Since the brane wraps the three-torus, both integrands in (5.53) must be of the form (ttt). The
normal directions of this D6-brane are all on the base, so ηyβ0 : (bb), making the first integral
vanish. Therefore there is no correction to N ′0 = iτ coming from ∂V0 Ĝij, as was already seen
in (5.21). By repeating the analysis to ∂V λ Ĝij and ∂Vk Ĝij one shows that only the latter can be
non-vanishing, and analysing in the same fashion the corrections for the D5 and the D7 cases we
obtain the same relations as (5.47) and (5.30).
One can realize then that brane deformations with normal direction η along one cycle of the
3-torus on the Type IIA side are mapped to Wilson line moduli along the T-dual cycle on the Type
IIB side, while brane deformations along the base are mapped to brane deformations on the Type
IIB side, also along the base. In the opposite direction, brane deformations on the Type IIB side
along the 3-torus are mapped to Wilson line moduli along the dual cycle on the Type IIA side.
6 Conclusions
In this paper we have derived the four-dimensionalN = 1 effective action of IIA and IIB Calabi-Yau
orientifolds including single space-time filling Dp-branes by performing a Kaluza-Klein reduction. In
particular, we derived the N = 1 characteristic data of the open-closed system for space-time filling
D6-branes in an Type IIA Calabi-Yau orientifold. In the determination of the Ka¨hler potential K
we showed that the complex N = 1 open coordinates appear in K only through a redefinition of
the closed coordinates. K itself can be viewed as a function of real three- and two-forms. In the
presence of D6-branes these forms have localized corrections with the open coordinates. In addition
to the kinetic terms of the scalars we have also determined the holomorphic gauge coupling function
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of the brane and bulk U(1) gauge fields including possible mixed terms.
We have discussed the N = 1 characteristic data of the orientifold compactifications both for
a finite as well as for the infinite dimensional case. In a fixed background Calabi-Yau geometry
a D6-brane on a special Lagrangian cycle L0 has b
1(L0). The scalar potential vanishes for these
deformations. Considering a general normal deformation of L0 the superpotential (4.14) and D-
terms (4.24) are induced. These have been determined explicitly and were shown to be given in
terms of chain integrals over a four-chain C4 ending on the reference cycle L0 and the deformed
cycle Lη. We also argued that the corrections to the closed string coordinates can be formulated
as chain integrals. In particular, we introduced a Ka¨hler potential Ko which depends on both open
and closed deformations and encodes the corrections to the N = 1 closed coordinates. Ko as given
in (4.8) contains two chain integrals involving both the Ka¨hler form J as well as the holomorphic
three-form ImCΩ. When restricting to a finite dimensional deformation space Ko was shown to
restrict to the Ka¨hler potential introduced by Hitchin on the moduli space of special Lagrangian
submanifolds with U(1) connection.
In the last part of the paper we related our Type IIA results to the N = 1 data for Type
IIB orientifold compactifications with D3-, D5-, or D7-branes by using mirror symmetry. The SYZ
proposal to view the internal manifold as T 3 fibration, with possibly resolved singular fibers, allowed
us the match of the N = 1 data for branes and orientifold planes of different dimensionalities with
the D6/O6 set-up. The mirror map has been evaluated in special limits of the closed and open
moduli space. It will be interesting to extend this analysis to the interior of the open-closed moduli
space. The general chain integral expressions for the N = 1 coordinates, Ka¨hler potential and
gauge coupling function might allow to compute quantum corrections using geometric methods on
one side of the mirror correspondence and applying the mirror map.
There are various further directions in which our results can be extended. It is well-known that
D6-branes in Type IIA string theory are obtained from specific geometries, so-called Taub-NUT
spaces, in an M-theory. More precisely, one expects that the D6/O6 compactifications considered
in this work naturally lift to a compactification of M-theory on a G2 manifold. The N = 1 data
found in this paper will naturally embed into the N = 1 data of non-singular G2 reduction found
in [40, 41, 42]. One expects that similar issues as for D7/O7 compactifications embedded into
F-theory arise [47]. Also for the D6/O6 compactifications it will be interesting to understand
the origin of the flux independent Stu¨ckelberg gaugings as it was found in [48] for F-theory set-
ups. Moreover, it will be interesting to generalize the set-up to intersecting D6-branes including
the possibility of fundamental matter. This will modify the N = 1 data in both orientifold and
M-theory compactifications [2, 23].
In flux compactifications the backreaction is often so strong that the compactification manifold
cannot be a Calabi-Yau manifold. This implies that one has to compute the effective action by
looking at variations around a new non-Calabi-Yau solution. These often can be described using
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generalized geometry as discussed for N = 1 vacua, for example in [49, 13, 50], and the review [51].
It would be interesting to extend our results to such a generalized setting. Note that formally this is
rather straightforward by replacing eJc and Re(CΩ) by general pure spinors in all our expressions.
However, it will be desirable to show if one still can explicitly compute the N = 1 data by finding
non-trivial example threefolds which are described by generalized geometric methods and cannot
be analyzed in either symplectic or complex geometry.
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Appendices
A Derivation of the Ka¨hler metric
Let us now discuss the derivation of the Ka¨hler metric and compare the result with the effective
action for the D6-brane found by dimensional reduction, (2.75) and (2.77). Firstly, we note that
the metrics for ReMK and the pure ξK terms match the result found from the reduction of the
closed string action, since K˜KL = (Gkl, G
λκ, Gλk), as described in [11]. We need then to check the
terms involving open string moduli ζ i. From the reduction of the action the metrics Gij and Ĝij are
Ĝij = µki λkj , Gij = µik (λ−1)kj , (A.1)
where, recalling equations (3.11) and (2.16),
e−φθi = λ
j
i α˜j , θi = siyJ |L0 ,
1
2e
−φ ∗ θi = µji β˜j , ∗θi = −2eφsiyIm(CΩ)|L0 .
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The coefficients µij and λ
j
i are calculated to be
e2Dµij =
1
2
∫
L
α˜i ∧ sjy(V κακ + Vkβk) , λji =
∫
L
β˜j ∧ siyJ , (A.2)
also making use of the relations
∫
α˜i ∧ β˜j = δji . To leading order, the V derivatives of µij are
∂
∂V λ
(e2Dµij) =
1
2
∫
L
α˜i ∧ sjyαλ , ∂
∂Vk
(e2Dµij) =
1
2
∫
L
α˜i ∧ sjyβk , (A.3)
On the other hand, λji is independent of (V
λ, Vk), at least for leading order complex structure
deformations. This implies using (3.34), (3.21) and (A.1) that
K˜ζiζ¯j =
∂(e2DGij)
∂VK
V K = e2DGij , (A.4)
which is in accord with the result (2.75) found from dimensional reduction. The derivatives of the
metric with respect to (V λ, Vk) are given explicitly by (for first order deformations)
∂V λ(e
2DGij) = 1
2
∫
L
α˜i ∧ slyαλ(
∫
L
β˜j ∧ slyJ)−1 , ∂Vk(e2DGij) =
1
2
∫
L
α˜i ∧ slyβk(
∫
L
β˜j ∧ slyJ)−1 .
(A.5)
The derivatives of the metric Ĝij are, in turn,
∂V λ(e
2DĜij) = 1
2
∫
L
α˜l∧siyαλ
∫
L
β˜l∧sjyJ , ∂Vk(e2DĜij) =
1
2
∫
L
α˜l∧siyβk
∫
L
β˜l∧sjyJ . (A.6)
To also check the mixing terms of the Wilson lines ai with the scalars ζK we expand
∂Ko
∂ζ i
= 12µij|fix ηj + . . . , (A.7)
to lowest order in the ηi. This yields the lowest order expression for K˜Kζi evaluated to be
K˜kζi = Iˆki , K˜λζi = Iˆiλ , (A.8)
where were used equations (2.61) and (2.62)
Iˆki =
∫
L
α˜i ∧ ηyβk + . . . , Iˆiλ =
∫
L
α˜i ∧ ηyαλ + . . . . (A.9)
B Supergravity with several linear multiplets
In this appendix we want to show, in a step by step way, how does the dualization from linear
to chiral multiplets work, following [11]. We want to relate the effective action in terms of linear
multiplets (VK , C
2
K), obtained by generalizing a result in [53],
L = −K˜ζiζ¯j dζ i ∧ ∗dζ¯j + 14K˜VKVL dVK ∧ ∗dVL (B.1)
+K˜VKVL dC
2
K ∧ ∗dC2L − i dC2K ∧
(
K˜VKζi dζ
i − K˜VK ζ¯i dζ¯ i
)
,
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with the one with chiral multiplets, (3.35),
Lkin = −(K˜ζiζ¯j + K˜Kζi K˜KLK˜Lζ¯i) dζ i ∧ ∗dζ¯j
+K˜KL
(
dReM I ∧ ∗ReMJ + dξK ∧ ∗dξJ)− 2 K˜KLK˜Lζi (dReM I ∧ ∗duj + dξI ∧ ∗daj) .
In (B.1) K˜(V, ζ, ζ¯) is a function of the scalars VK and the chiral multiplets ζ
i. The function K˜
encodes the dynamics of the fields, and we would like to relate it to the Ka¨hler potential from
(3.35). The standard procedure is to eliminate the fields C2K in favor of its duals ξ
K by introducing
an appropriate term to the action
L → L+ δL , δL = −2ξK dC3K = −2C3K ∧ dξK , (B.2)
where ξK(x) is a Lagrange multiplier. By solving the equations of motion for ξK one finds dC3K = 0
such that locally C3K = dC
2
K , giving δL = 0 as expected. One can use the equations of motion of
C3K ,
∗ C3K = K˜VKVL
(
dξL + i2
(
K˜VLζi dζ
i − K˜VL ζ¯i dζ¯ i
))
(B.3)
to eliminate it from (B.1),
L = −K˜ζiζ¯j dζ i ∧ ∗dζ¯j + 14K˜VKVL dVK ∧ ∗dVL (B.4)
+K˜VKVL
(
dξ˜L − Im(K˜VLζj dζj)) ∧ ∗(dξ˜L − Im(K˜VLζi dζ i)) .
For our particular case, we can further simplify this equation. Comparing (2.56) with the Chern-
Simons action (2.53), one can notice that the field C2 couples, to first order, with the imaginary part
of ζ i, namely ai. We can assume that K˜ is a function only of VL and the real part of ζ
i, Reζ i = ui.
We will see shortly that this assumption agrees with our results (indications that K˜ depends only
on Reζ i can be inferred from section 3, as in equation (3.19)). The effective Lagrangian (B.4) thus
simplifies to
L = −14K˜uiuj dζ i ∧ ∗dζ¯j + 14K˜VKVL dVK ∧ ∗dVL (B.5)
+K˜VKVL
(
dξ˜K − 12K˜VKui d Imζ i
)
∧ ∗
(
dξ˜L − 12K˜VLuj d Imζj
)
.
We would like to relate this N = 1 Lagrangian to the standard Lagrangian of chiral multiplets
Φ = (M I , ζ i)
L = −KΦΦ¯ dΦ ∧ ∗dΦ¯ (B.6)
= −Kζiζ¯j dζ i ∧ ∗dζ¯j −KMIM¯J
(
dReM I ∧ ∗ReMJ + dξK ∧ ∗dξJ)
−2KMI ζ¯j
(
dReM I ∧ ∗duj + dξI ∧ ∗daj) .
and relate the Ka¨hler metrics KΦΦ¯ with derivatives of the function K˜, as in equation (3.35). This
is obtained by performing a Legendre transform with respect to the fields MK ,
K(M, ζ) = K˜(V, ζ + ζ¯) + (MK + M¯K)VK (B.7)
52
where VK(ζ,M) is written as a function of the complex fields ζ
i and implicitly of new field MK ,
defined as
MK = −12K˜VK + iξK . (B.8)
One can see (MK +M¯K) as the conjugate coordinate to VK . To see that equations (B.6) and (B.5)
are indeed related by this Legendre transformation, one has to calculate the derivatives of K in
terms of the derivatives of K˜. One starts by differentiating (B.8),
∂VK
∂ML
= −K˜VKVL , (B.9)
∂VK
∂ζj
=
1
2
∂VK
∂ML
∂ML
∂uj
= 12K˜
VKVLK˜VLuj .
Using these expressions one easily calculates the first derivatives of the Ka¨hler potential (B.7) as
KMK = VK , Kζi =
1
2K˜ui . (B.10)
Applying the equations (B.9) once more when differentiating (B.10) one finds the Ka¨hler metrics
KMKM¯L = −K˜VKVL , KMK ζ¯i = 12K˜VKVLK˜VLui ,
Kζiζ¯j =
1
4K˜uiuj +
1
4K˜uiVK K˜
VKVL K˜VLuj , (B.11)
with inverses
KM
KM¯L = −K˜VKVL + K˜uiVK K˜u
iuj K˜VLuj ,
KM
K ζ¯j = 2K˜u
iuj K˜uiVK , K
ζiζ¯j = 4K˜u
iuj . (B.12)
Finally, one checks that K(T,N) is indeed the Ka¨hler potential for the Lagrangian (B.5). This is
done by inserting in the definition of Tκ and the Ka¨hler metrics obtained above into (B.6), yielding
back (B.5).
C Mixing of brane and bulk U(1) vectors
In this Appendix we analyze the 4D effective action for all the massless spacetime vector fields
that appear after dimensional reduction. They are the Aα and Aα components coming from the
combination of RR and B2 bulk fields (2.53), and A, the massless vector component of the U(1)
field AD6 on the brane, (2.38). The duality relation between C3 and C5 implies a electric-magnetic
duality between Aα and Aα. To avoid the overcounting of degrees of freedom, we consider both
fields, but each weighted by a factor of one half, as in [21]. This procedure gives the action
S(4)vec = −
∫
1
2Refr F ∧ ∗F + 12 Imfr F ∧ F (C.1)
+14(ImNαβ +ReNαγImN γδReNδβ)dAα ∧ ∗dAβ
+14ImNαβdAα ∧ ∗dAβ − 12ReNαγImN γβdAβ ∧ ∗dAα −∆αdAα ∧ F − J˜ αdAα ∧ F ,
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where F = dA, ∆α = (a
j∆jα + Γα) and
ImNαβ = −
∫
Y
ωα∧∗ωβ ImNαβ = (ImNαβ)−1 = −
∫
Y
ω˜α∧∗ω˜β ReNαβ = −baKaαβ . (C.2)
Recalling the duality relation (2.5) for the A fields
eBdA∣∣
6
= − ∗10
(
eBdA)∣∣
4
, (C.3)
we obtain, for Aα and Aα,
d(Aαω˜
α) + dAβbaωa ∧ ωβ = − ∗ dAγ ∗6 ωγ . (C.4)
We take the wedge product of the above expression with ωα and integrate to obtain the duality
relation
dAα = ImNαβ ∗ dAβ +ReNαβdAβ . (C.5)
From the variation of action (C.1), we obtain the equations of motion for Aα and A
α,
1
2 (ImNαβ +ReNαγImN γδReNδβ) d ∗ dAβ − 12ReNαγImN γβ d ∗ dAβ −∆αdF = 0 , (C.6)
1
2ImNαβ d ∗ dAα − 12ReNαγImN γβ d ∗ dAα − J˜ βdF = 0 .
However, if one takes the exterior derivative of equation (C.5) and compare with (C.6), one notes
that the equations are not compatible. That is, the equations of motion and the duality constraints
cannot be simultaneously satisfied. In order to make the duality relation consistent, one should
modify the field strengths as
dAα → Gα = dAα − 2J˜ αF , dAα → Gα = dAα + 2∆αF , (C.7)
as well as the duality relation (C.5) by the same redefinition. This modified action becomes then
S(4)vec → −
∫
1
4(ImNαβ +ReNαγImN γδReNδβ)Gα ∧ ∗Gβ − 12ReNαγImN γβGβ ∧ ∗Gα (C.8)
+14ImNαβGα ∧ ∗Gβ + 12Refr F ∧ ∗F + 12Imfr F ∧ F −∆αGα ∧ F − J˜ αGα ∧ F .
The equations coming from this action are
dGα = −2J˜ αdF , dGα = 2∆αdF , Gα = ImNαβ ∗Gβ +ReNαβ Gβ , (C.9)
1
2 (ImNαβ +ReNαγImN γδReNδβ) d ∗Gβ − 12ReNαγImN γβ d ∗Gβ −∆αdF = 0 ,
1
2ImNαβ d ∗Gα − 12ReNαγImN γβ d ∗Gα − J˜ βdF = 0 .
The first two equations follow directly from (C.7), the third is the imposed duality condition, and
the two remaining are the equations of motion for Aα and Aα. One can check that they are now
consistent, by starting with the equation of motion for one of the fields and obtaining the equation
for the dual field after imposing the duality conditions.
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As was mentioned, the duality condition implies that the degrees of freedom for the fields are
not independent. To eliminate the dependence of Aα in favor of its dual, we now treat the field
strength Gα as an independent field, and add to the action the term
δS = −12dAα ∧ (Gα − 2∆αF ) + λ(dGα − 2∆αdF ) , (C.10)
where λ is an auxiliary field acting as a Lagrange multiplier. The equations for this modified action
are the same as (C.9), but now they all come from variations on the fields Aα, Gα and λ. Having
the equations for Gα, we now substitute them back into the action, and obtain
S(4)vec = −
∫
1
2Refr F ∧ ∗F + 12Imfr F ∧ F (C.11)
+12dA
α ∧ (ImNαβ ∗Gβ +ReNαβGβ − 2∆αF )
−∆α(dAα − 2J˜ αF ) ∧ F − (ImNαβ ∗Gβ +ReNαβGβ)J˜ α ∧ F
= −
∫
1
2 (Refr + 4ImNαβJ˜ αJ˜ β)F ∧ ∗F + 12(Imfr + 4∆αJ˜ α + 4ReNαβJ˜ βJ˜ α)F ∧ F
−2ImNαβJ˜ βdAα ∧ ∗F − 2(∆α + J˜ βReNαβ)dAα ∧ F
+12ImNαβdAα ∧ ∗dAβ + 12ReNαβdAα ∧ dAβ ,
from where we can extract a corrected gauge coupling function fcor for the brane U(1) gauge fields,
Refcor = Refr + 4ImNαβJ˜ αJ˜ β , Imfcor = Imfr + 4∆αJ˜ α + 4ReNαβJ˜ βJ˜ α , (C.12)
a gauge coupling function fα for the mixing between brane and bulk gauge bosons,
Refα = −4ImNαβJ˜ β , Imfα = −4(∆α + J˜ βReNαβ) , (C.13)
and the gauge coupling function for the vector field Aα from the bulk (3.38),
fαβ = −iN¯αβ . (C.14)
D Symmetries and moment maps
In this appendix we will have a closer look at the symmetries of the symplectic form (4.3). This is
crucial for the determination of the first derivatives of the Ka¨hler potential Ko.
Before entering the detailed study of our set-up, let us quickly recall some general facts about
moment maps. Denote by G a Lie group preserving the symplectic form ϕ on a manifold Vo, and
by g the Lie algebra of G. There is a map identifying an element ξ ∈ g with a vector field X(ξ),
and by the invariance of ϕ under G and the fact that dϕ = 0 one has
LX(ξ)ϕ = d(X(ξ)yϕ) = 0 . (D.1)
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The moment map is a function µ : V0 → g∗, where g∗ is the dual to g under some paring 〈·, ·〉,
which satisfies
d〈µ, ξ〉 = X(ξ)yϕ . (D.2)
In our example there are two Lie group actions, which will help us to study Ko. As before we
will be mostly interested in a local analysis around L0. Therefore it suffices to specify the associated
Lie algebras g1 and g2
g1 = Ω
2
ex(L0) , g2 = Ω
1
ex(L0) , (D.3)
where Ωiex(L0) are the exact i-forms on L0. In order to check that these indeed preserve the
symplectic form ϕ given in (4.3) we have to specify the maps from gi to tangent vectors T(L0,A0)Vo.
So given an exact two-form ξ in g1 and an exact one-form ξ˜ in g2 one defines a tangent vector τ(ξ)
and a normal vector η(ξ˜) by demanding that
(τ(ξ)yΩ1)|L0 = ξ , (η(ξ˜)yJ)|L0 = ξ˜ . (D.4)
It turns out to be useful to identify also the tangent vectors τ(ξ) with normal vectors to L0 using
the complex structure I on Y . One first notes that the normal bundle to L0 admits the split
NL0 = (NL0)
harm ⊕ (NL0)ex ⊕ (NL0)cex . (D.5)
This split is performed in such a way that, e.g.X ∈ (NL0)harm yields a harmonic one-form (XyJ)|L0 .
Similarly, one defines (NL0)
ex and (NL0)
cex corresponding to exact and co-exact one-forms. By
Hodge-decomposition of one-forms each normal vector has a unique decomposition under (D.5).
Returning to the two Lie algebras, one has
η(ξ˜) ∈ (NL0)ex , Iτ(ξ) ∈ (NL0)cex , (D.6)
for ξ˜ ∈ g2 and ξ ∈ g1. The latter follows from the fact that (Iτ(ξ)yJ)|L0 = −2eφ ∗ (τ(ξ)yΩ1)|L0 =
−2eφ ∗ ξ, using (2.18) and (D.4). Since ξ is exact one concludes that (Iτ(ξ)yJ)|L0 is co-exact, i.e. is
annihilated by d∗.
Next we need to check the invariance (D.1) of the symplectic form ϕ. We do that by first noting
that on a special Lagrangian L0 the form ϕ can be written as
ϕ(X,Y ) =
∫
L0
(Y yJ)|L0 ∧ (XyΩ1)|L0 − (XyJ)|L0 ∧ (Y yΩ1)|L0 , (D.7)
which is deduced by inserting X and Y into J ∧ Ω1 = 0. We have to check that d(τ(ξ)yϕ) = 0
for all ξ ∈ g1, and similarly for the action of g2. This is straightforward when using ϕ in the
form (D.7). For τ(ξ)yϕ only the term in the expression (D.7) containing (τ(ξ)yΩ1)|L0 is non-zero
since (τ(ξ)yJ)|L0 vanishes on the Lagrangian cycle L0. Together with the fact that L0 is compact
this yields the desired invariance under the action of g1. Similarly on checks invariance under the
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action of g2 using the term in (D.7) containing (η(ξ˜)yJ)|L0 and the fact that (η(ξ˜)yΩ1)|L0 = 0. The
invariance ensures the existence of two moment maps µ1 and µ2 for the respective Lie algebras.
In a next step we determine the dual Lie algebras g∗1 and g
∗
2 with respect to the pairing 〈α, β〉 =∫
L0
α ∧ β. This implies that g∗i is the space of non-closed i-forms, i.e.
g∗1 =
Ω1(L0)
Ω1cl(L0)
, g∗2 =
Ω2(L0)
Ω2cl(L0)
, (D.8)
where Ωicl(L0) are closed i-forms. Finally, one determines the moment maps µi of gi which obey
(D.2) by direct calculation
µ1 = [µˆ1] , µ2 = [µˆ2] , (D.9)
where µˆi are the non-closed i-forms which have been introduced in (2.22), and the brackets [·]
mean that these maps are only defined up to closed forms as required in (D.8). This is checked by
evaluating
d
dzI
∫
L0
µˆ1 ∧ ξ =
∫
L0
(sIyJ)|L0 ∧ ξ = ϕ(τ(ξ), ∂zI ) , (D.10)
d
dzI
∫
L0
µˆ2 ∧ ξ˜ =
∫
L0
(sIyΩ2)|L0 ∧ ξ˜ = ϕ(η(ξ), ∂zI ) .
For the first equalities we have evaluated the derivative in the direction ∂zI by taking the Lie deriva-
tive of the expression under the integral with respect to ∂zI . In evaluating the second equalities we
used the form (D.7) of ϕ and the fact that (∂zIyΩ1)|L0 = i(∂zIyΩ2)|L0 . A rather compact way to
rewrite the moment maps is by using the chain C4 introduced in (2.50). Since J and Ω2 vanish on
L0 one thus has
〈µ1, ξ〉 = I(J, ξ) , 〈µ2, ξ˜〉 = I(Ω2, ξ˜) , (D.11)
where I is the chain integral introduced in (2.59).
We have just found an explicit characterization of the symmetries of Vo around L0. In the
following want to make contact to the parameterization used in section 2 for the Kaluza-Klein
modes of the D6-brane. Let us recall that using a Hodge-decomposition with respect to the induced
metric the mode expansion for AD6 reads
AD6 = a
i α˜i + a
I
ex dhI + a
J
cex d
∗γJ . (D.12)
Note that the Hodge-star metric orthogonally splits under this decomposition as in (2.43). We also
want to split the normal vectors sI appearing in (2.36). As in the decomposition (D.5) one picks a
basis of normal vectors si, s
ex
I , s
cex
J and corresponding one-forms θI = (sIyJ)|L0 such that θi = α˜i,
θexI = dhI and θ
cex
J = d
∗γJ . This implies that the metrics (2.47) and (2.48) are identical in this
basis. Moreover, from (4.5) we inferred that
∂zI∂z¯JKo =
1
2
e−φ
∫
L0
θI ∧ ∗θJ . (D.13)
57
which can be adapted to the Hodge-decomposition of the one-forms θI under an appropriate split of
complex coordinates zI = (zi, zIex, z
J
cex). In this leading order analysis we thus find that Imz
i = ai,
ImzIex = a
I
ex and Imz
J
cex = a
J
cex.
One can proceed and determine the first derivatives of the Ka¨hler potential in the coordinates
zI by using the moment map analysis of the previous section. In fact, one infers from (D.10) that
∂zIexKo =
∫
L0
µ2 ∧ θexI , ∂zJcexKo =
∫
L0
∗µ1 ∧ θcexJ . (D.14)
It is straightforward to evaluate ∂zIexKo and ∂zJcexKo at leading order in the deformations using
(2.24). They take the simple form
∂zIKo =
∫
L0
θη ∧ ∗θI . (D.15)
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